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Introduction: elliptic curves.
We will start with the de�nition of elliptic curve:

De�nition

An elliptic curve is a smooth projective curve that holds an
equation of the form:

E : y2 = x3 + ax + b,

that has a distinguished point O = (0 : 1 : 0) called the point at
in�nity. And we say that it is de�ned over a �eld k , if a, b ∈ k .

This kind of curves has genus 1 (g = 1), that is, they have �only
one hole�.
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And there is a group law de�ned on it, where the point at ini�nity
plays the role of the neutral element in the group, the zero.
We can also see an elliptic curve as the quotient of C by a
2-dimensional lattice:

And, in that case, the group law is adding vectors.
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We de�ned the endomorphisms of an elliptic curve as the
morphisms of algebraic curves, ϕ : E −→ E , that are also
morphisms of groups. That is, such that,
ϕ (Q1 + Q2) = ϕ (Q1) + ϕ (Q2) for all Q1, Q2 ∈ E . In particular,
ϕ (O) = O.
There always exist the endomorphisms multiplication-by-m:
Q −→ m · Q. Thus,

Z ⊆ End (E ) .

The set of endomorphisms is a ring with the sum and the
composition of endomorphisms.

De�nition

In the generic case, End (E ) = Z, and we say that E does not have
complex multiplication (CM). When Z ( End (E ) we say that E
has CM.
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Example: The elliptic curve E : y2 = x3 + x that corresponds to
the lattice generated by {1, i} has an extra endomorphism that we
call i because i2 = −1.

That endomorphism is a 90o rotation.
Thus, E has CM and in fact, End (E ) ' Z [i ].
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Fix an integer m ∈ Z and consider the points of order m, that is,
such that m · Q = O. We denote this set by E [m], and we have
that

E [m] = Z/mZ× Z/mZ.

Now, given a prime number l we de�ne the l−adic Tate module as:

Tl (E ) :=
lim

← E [ln] ' Zl × Zl .

So, Tl (E ) is the �union� of all the points of order a power of l .
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We also de�ne the 2−dimensional Ql−vector space:

Vl (E ) := Tl (E )⊗Ql ' Ql ×Ql .

Fix another prime p, we will de�ne an endomorphism (a linear
application of vector spaces):

Frobp : Vl (E ) −→ Vl (E ) .

Consider the abs. Galois group GQ =
{
σ : Q̄ −→ Q̄ s.t. σ|Q = id .

}
.

For example the complex conjugation is an element in that group.
And each prime p has an associated element in GQ called the
Frobenius automorphism Frp ∈ GQ (that I will not de�ne).
Given a point Q ∈ Vl (E ), its coordinates are numbers in Q̄, then
we de�ne Frobp : Vl (E ) −→ Vl (E ) as Q −→Fr Q.
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The application Frobp : Vl (E ) −→ Vl (E ) is linear, thus we can
consider its characteristic polynomial:

Lp (E , T ) := det (Id − T · Frobp) = 1− apT + pT 2.

This polynomial is called the local factor of E at p, its coe�cients
are integer number and its two zeros are conjugated numbers of
norm p−1/2. Thus, ap ∈

[
−2√p, 2√p

]
.

As a remark, it is a well-known fact, that

|E (Fp)| = 1 + p − ap.

Thus, ap/2
√
p ∈ [−1, 1] and we can de�ne the angle

θp := arc cos

(
ap
2
√
p

)
.
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We can think of θp as a random variable on the set of primes of
good reduction of E taking values on [0, π].
And now, we can state the Sato-Tate conjecture:

Conjecture (Sato-Tate): If E/k does not have CM, then the angle
θp appears to be equidistributed on [0, π] with respect to the
measure

2

π
sin2θ dθ

on [0, π].

We can illustrate the conjecture with the next example, where
appears the distribution of a1 (p) = ap/2

√
p for

E : y2 = x3 + 315149x + 271828.
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An equivalent formulation for the Sato-Tate conjecture is that the
distribution of the polynomials Lp (E T ) corresponds to the
distribution of the characteristic polynomials of a random matrix in
the Lie group USp (2) (unitary simplectic matrix of size 2). More
speci�cally, it corresponds to the Haar measure on USp (2) (a
special measure de�ned on compact Lie groups).

If one chooses a matrix on USp (2), its eigenvalues have the form
e iθ and e−iθ, and this θ is distributed according to the measure
2

π sin
2θ dθ on [0, π].

That is the one that appears in the Sato-Tate cojecture.
The Sato-Tate conjecture was recently proven when the �eld k is
totally real.
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The next natural question is asking what happen when E has
complex multiplication. In that case appear two subcases and the
conjecture is proven for all k .

1. If E has CM de�ned over k (E : y2 = x3 + x , k = Q (i)):
then one takes the uniform measure. Or equivalently, the Haar
measure on U (1) ⊆ USp (2).

2. If E has CM not de�ned over k (E : y2 = x3 + x , k = Q):
then one takes half of the uniform measure plus half of a
discrete measure concentrated at π/2. Or equivalently, the
Haar measure on the normalizer group of U (1) ⊆ USp (2).
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Distribution of a1 (p) = ap/2
√
p for E : y2 = x3 − 15x + 22:

http://www-math.mit.edu/~drew/
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Once we know what happens with elliptic curves, it is natural
asking what happens with abelian varieties of higher dimension.

De�nition

An abelian variety A of dimension g is a projective variety of
dimension g such that it has a distinguish point and a continuos
group law:

mP : A −→ A

Q −→ P × Q
.

Example: The variety E × E where E is an elliptic curve is a
abelian variety of dimension 2.
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I Since we have a group law, we can de�ne the sets A [m] of
points of order m. And we have A [m] ' (Z/mZ)2g .

I Then we can also de�ned the Tate module

Vl (A) =

(
lim

← A [ln]

)
⊗Ql ' Q2g

l , that is a 2g−dimensional

Ql−vector space.
I Given a prime p of good reduction we can de�ne an

endomorphism: Frobp : Vl (A) −→ Vl (A).

I And we can consider the characteristic polynomial of this
linear map:

Lp (A, T ) =

2g∑
i=1

ai (p)T i .
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One can think of the coe�cients ai (p) as random variables on the
set of primes of good reduction of A taking values on[

−
√

pi

(
2g

i

)
,
√

pi

(
2g

i

)]
and de�ned the angles:

θi (p) := arc cos

 ai (p)(
2g

i

)√
pi

 .

Now the question is: how are distributed these random variables on
the set [0, π]?
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There is a formal (and di�cult) de�nition of a group called the
Sato-Tate group of an abelian variety: STk (A).

Conjecture (Generalized Sato-Tate): The characteristic polynomial
Lp (A, T ) are equidistributed with respect to the Haar measure on
the group STk (A) ⊆ USp (2g).

When the abelian variety has dimension 1 (elliptic curves) this
conjecture is the original Sato-Tate conjecture. And, in fact we �nd
that the Sato-Tate group is:

1. If E does not have CM: STk (E ) = USp (2).

2. If E has CM de�ned over k : STk (E ) = U (1)

3. If E has CM not de�ned over k : STk (E ) = to the normalizer
group of U (1) in USp (2).
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In [FKRS11] appears a deep study about the dimension 2 case.
They �nd all the possibilities of Sato-Tate groups for abelian
varieties of dimension 2, the distributions attained for this groups
and they �nd numerically abelian varieties that have the same
distributions.
They �nd 52 di�erent distributions.
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Now, I am working in the dimension 3 case. I am considering a
small family of abelian varieties and for each variety in that family I
am computing:

1. The distribution of the polynomials Lp (A, T ).

2. The group STk (A).

3. The distribution on the groups STk (A).

And I am checking that both distribution coincide. In that way I
am proving the Sato-Tate conjecture for this special family. By the
moment, I have found more than 15 di�erent distributions.
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