
A Phase Field Model for Continuous Clustering
on Vector Fields

H. Garcke T. Preuûer M. Rumpf A. Telea U. Weikard J.vanWijk
�

Abstract

A new methodfor the simpli®cationof ¯ow ®elds
is presented.It is basedon continuousclustering.
A well-known physicalclusteringmodel,the Cahn
Hilliard modelwhich describesphaseseparation,is
modi®edto re¯ect the propertiesof the datato be
visualized. Clustersare de®nedimplicitly as con-
nectedcomponentsof thepositivity setof a density
function. An evolution equationfor this function is
obtainedasa suitablegradient¯ow of an underly-
ing anisotropicenergy functional.Here,timeserves
asthe scaleparameter. The evolution is character-
izedbyasuccessivecoarseningof patternsÐ theac-
tual clusteringÐ duringwhich theunderlyingsim-
ulationdataspeci®espreferablepatternboundaries.
Weintroducespeci®cphysicalquantitiesin thesim-
ulation to control the shape,orientationanddistri-
bution of the clusters,asa functionof the underly-
ing ¯ow ®eld.In additionthemodelis expandedin-
volving elasticeffects. Therebyin early stagesof
the evolution shearlayer type representationof the
¯ow ®eldcanbegenerated,whereasfor laterstages
the distribution of clusterscanbe in¯uenced. Fur-
thermore,we incorporateupwind ideasto give the
clustersanorienteddrop±shapedappearance.Here
we discussthe applicabilityof this new typeof ap-
proachmainly for ¯ow ®elds,wheretheclusteren-
ergy penalizescrossstreamlineboundaries.How-
ever, the methodalso carriesprovisions for other
®eldsaswell. Theclusterscanbedisplayeddirectly
asa ¯ow texture. Alternatively, the clusterscanbe
visualizedby iconicrepresentations,whichareposi-
tionedby usingaskeletonizationalgorithm.

1 Introduction

Nowadays,fast computinghardware and ef®cient
numerical algorithms enable highly detailed and
largescienti®csimulationswhich deliver enormous
amountsof data. Various visualizationstrategies
have beenproposedto representsuchdatain an in-
tuitively understandableway.

Thelargerandmorecomplex thesimulationresults
become,thestrongeris theneedfor asuitablemulti-
scalevisualizationapproach.Simpli®edrepresenta-
tionsof thedata,usefulto seetheglobalpattern,can
be graduallyre®nedfor further insight. Moreover,
differentviewersneeddifferentrepresentations.Nu-
mericalexpertsmightwanttoseetheraw datain full

���

harald � tpreuss � rumpf � wkd � @iam.uni-
bonn.de

�

alext � vanwijk � @win.tue.nl

Figure1: Vector®eldvisualization:hedgehogplots
(left), proposedclusteringmethods(right).

detail, technologicalexpertsmight want to seecer-
tain featuressuchasvortices,whereasthemanage-
mentmightneedasimpli®edpresentation.

Clustering, well-known from statistics, is such a
multiscaleapproach. Data are groupedin succes-
sively largersetsof stronginternalcorrelation.Many
techniquesareavailablefor scatteredandscalardata,
e.g.basedon waveletor Fourieranalysis[12, 28].
However, for vectordata,only few multiscalevisu-
alizationmethodsareavailable.Themostubiquitous
vector®eldsimpli®cationmethodisstill regularsub-
sampling,which is well-known to producealiases
(seee.g.Fig. 1). Turk [25] usesanenergy minimiz-
ingapproachtoplaceequallydistributedstreamlines
at a userprescribedresolutionon the screen. Se-
lectedstreamlinedrawings arefurthermoreconsid-
eredby Jobardetal [10].

Recently, two approachesfor clusteringvectordata
have beenproposed. In both approachesa hierar-
chical clusteringtree is producedandthe resulting
clustersarevisualizedwith arrows. Heckel etal. [9]
startfrom scatteredpointswith vectordata.Initially
all pointsarestoredin a singlecluster, which is re-
cursively split in a top-down manner. At eachstep,
the clusterwith the strongestdiscrepancy between
streamlinesgeneratedby theoriginal®eldanditsap-
proximationby theclusteris bisectedwith a plane,
usingprincipal componentanalysis. The resulting
clustersareguaranteedto be convex, asa resultof
this bisectionapproach.However, accuratelyrepre-
sentingcomplex ®eldswith convex clustersmayre-
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quirea largeclustercount.

TeleaandVanWijk [23] usea bottom-upapproach.
Initially, eachdatapoint is acluster, next theseclus-
tersaremerged. In eachstepthemostsimilar clus-
tersaremerged,accordingto a measureof the dif-
ferencein positionandorientationof thevectorsthat
representthe clusters. The clustershapesarecon-
strainedonly indirectly by adaptingthe weightsof
the varioustermsin the error measure. However,
thismethodis sometimessensitive to thementioned
weighttuning.

Here we proposea continuousclusteringmethod
basedon a phaseseparationmodelwhich leadsto a
diffusionproblem.Themaindifferenceto theother
approachesis that no booleanmerging or splitting
decisionshave to be made. Instead,a suitabledif-
fusion processcontinuouslyenhancesstrongcorre-
lations in the clustersets. In contrastto Heckel's
method,theclustersthatwe generatearenot neces-
sarily convex. Hence,curved¯ow ®eldscanberep-
resentedmoreeffectively. Figure1 shows two vec-
tor ®eldsvisualizedwith theclassicalhedgehogplot
(left) andwith two variantsof ourmethod(right).

Our approachis motivatedby a well-known physi-
calmodelfor phaseseparationin binaryalloyswhich
canbeunderstoodasaclusteringof materialin order
to decreasethe free energy of the physicalsystem.
As a major application,we considerclusteringon
¯ow ®elds.Themethodis relatedto multiscaleim-
ageprocessingmethodologywhich leadsto second
orderparabolicequations,whereasour modelhere
will beafourthoderproblem.PeronaandMalik [17]
haveintroducedacontinuousdiffusionmodelwhich
allows the denoisingof imagestogetherwith edge
enhancing.Therecoveryof lowerdimensionalstruc-
turesin imagesisanalyzedbyWeickert[27], whoin-
troducedan anisotropicnonlineardiffusionmethod
wherethediffusionmatrix dependson thesocalled
structuretensorof the image. PreuûerandRumpf
presentedanef®cientimplementationfor largescale
imagedata[19] andusedananisotropicdiffusionap-
proachfor ¯ow visualization[20].

In detailtheaimsof ourmethodare

� to extractacollectionof nicelyshapedsubsets
of thephysicaldomain,whereeachof themis
beingcharacterizedby a strongcorrelationin
the underlyingphysicaldataand they all to-
getheraresupposedto coveranapproximately
®xedfractionof thedomain,

� to considernot only onesuchrepresentation,
but a scaleof themrangingfrom ®negranu-
larity in thesubdivision to very few andcoarse
clustersets.

This multiscale should enablethe exploration of
complicatedsimulationdataandthe visual percep-
tionof correlationsin suchdatasetsatdifferentreso-
lutions. In ourmodel,theclusterswill berepresented
implicitly by a scalarfunctionevolving in time. In
addition,we expandthemodelincorporatinga con-
tributionto theenergy duetoelasticeffects.Thereby
we areableto in¯uencethe distribution of the par-
ticlesandfor smallevolution times± not yet in the

rangeof theactualclusteringresults±weobtainim-
ageswhich show shearlayertypepatterns.Further-
more,we useanupwindideato obtaindrop-shaped
particleswhich clearly outline the ¯ow ®elddirec-
tion.

Concerningthe graphicalrepresentation,we could
straightforwardly usea color codedrepresentation
of this functionon thephysicaldomainasa texture.
In thelastdecade,a varietyof suchtexturing meth-
odshasbeenpresentedfor ¯ow visualization. We
mentionherethespotnoisetechniqueby VanWijk
[5], the line integral convolution methodby Cabral
andLeedom[2], several improvementsandmodi®-
cationsof this method[29, 7, 21], andthe already
mentionednonlinearanisotropicdiffusion method
[20]. As analternative to theabove, we usetheac-
tual clusteringasa precomputingstepandpipe the
outputinto aniconicrepresentationapproach.Thus,
the distinct subsetsat any scalearerepresentedby
suitablegraphicalicons.Thisallowsafurtherreduc-
tion of graphicallyrepresenteddata,while maintain-
ing andstrengtheningtheinformationalcontent.

Theingredientsof ourcontinuousclusteringstrategy
areasfollows:

� Weformulateanevolutionproblemfor a func-
tion which implicitly describesthesetof clus-
ters. The evolution canbe interpretedas the
gradient̄ ow with respecttoanappropriateen-
ergy.

� Therearetwomajorenergycontributions. The
®rstoneleadsto thenucleationof clustersets
on thephysicaldomain.Thesecondonegives
risefor asuccessivecoarseningof theclusters.

� Dependingon the underlying physical data,
surfacesegmentsare weighteddependingon
their locationandorientation. Thatis,surfaces
areconsiderablypenalizedif they areoriented
in crossdirectionto thecorrelation,otherwise
theirenergy contributionis keptsmall.Several
energy componentscanbede®nedto constrain
theclusters'shapesin relationto variousquan-
tities in the¯ow dataset.

� Onany scale,askeletonizationmethodis used
to reducetheinformationalcontentof theclus-
ter setsto their essence,which is to befurther
visualized.

� Finally, geometriciconsareselectedto repre-
senttheextractedskeletoninformationgraphi-
cally, e.g. with arrows in caseof vectordata.

Let us emphasizethat the actualphysicaldataen-
tertheclusteringmethodonlyvia theanisotropicen-
ergy. Moreover, theevolved functionis solelyused
tode®netheclustersetswithoutany furtherphysical
meaning.

Asapplicationwemainlyconsider̄ow ®elds,where
theconceptof correlationalongstreamlinesis near
at hand. Nevertheless,the methodologyis not re-
strictedto ¯ow visualizationand is thuspresented
herefor moregeneraldata.
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Figure 2: Three timestepsof the original Cahn
Hilliard phaseseparation.

Theorganizationof thepaperis asfollows. In Sec-
tion 2, we outline thephysicalmodelof phasesep-
arationin binary alloys which motivatesthis work.
Section3 extendsthis modelby takinginto account
physical elasticity. In Section4, we expand this
modelandinterpretit in termsof amultiscalecluster
analysis.In Section5, we describehow thecluster
shapecanbecontrolledto visualizethedirectionof
a vector®eld. Section6 discusseshow anisotropic
elasticitycanbe usedto visualizeshearlayer type
patterns.A ®niteelementdiscretizationis described
in Section7. In Section8, the skeletonizationap-
proachis outlinedandwediscussgraphicaliconsin
caseof vectordata.Finally in Section9 we discuss
theresultsandin Section10 wedraw conclusions.

2 Reviewing a Physical Cluster-
ing Model

Beforewe discussour modelof continuouscluster-
ingonsimulationdatawewill review in thissectiona
physicalmodelfor clusteringin metalalloys,which
goesback to Cahn and Hilliard [3]. The Cahn±
Hilliard modelwasintroducedtodescribephasesep-
arationandcoarseningin binaryalloys. Phasesep-
arationoccurswhena uniform mixtureof thealloy
is quenchedbelow a certaincritical temperatureun-
derneathwhichtheuniformmixturebecomesunsta-
ble. Asaresultavery®nemicrostructureof twospa-
tially separatedphaseswith differentconcentrations
develops.In laterstagesof theevolution,onamuch
slower time scalethanthe initial phaseseparation,
thestructuresbecomecoarser:eitherby merging of
particlesor by growing of biggerparticlesatthecost
of smallerones.This coarseningcanbeunderstood
asaclustering,wherethesystemmainly triesto de-
creasethesurfaceenergyof theparticleswhichleads
to coarserandcoarserstructuresduring the evolu-
tion. In thebasicCahn±Hilliardmodelthis surface
energy is isotropic.Therearenopreferreddirections
of theinterfaces.Hencetheparticlestendto beball
shaped(cf. Fig. 2).

We now brie¯y outlinethebasicideasof theCahn±
Hilliard model. For moredetailswe refer to there-
view papersby Elliott [6] andNovick±Cohen[15].
The Cahn±Hilliardmodel is basedon a Ginzburg±
Landaufree energy which is a functional in terms
of theconcentrationdifference� of thetwo material
components.The Ginzburg±Landaufree energy �

is de®nedto be
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Figure3: Chemicalenergy asfunctionof concentra-
tion

where � is a boundeddomain.The®rsttermin the
freeenergy,
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����� , is thechemicalenergydensityand
typically hasa doublewell form. In this paperwe
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(cf. Fig. 3). We notethat
thesystemis locally in oneof thetwo phasesif the
valueof � is closeto oneof thetwo minima 1 ( of�

. Thediffusionequationfor theconcentration�

is givenby 2
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on 8'9;:<� . In theequationabovewedenoteby 7 the
localchemicalpotentialdifferencewhichis givenas
thevariationalderivative =?>

=A@

of � with respectto �

(cf. Section4). Thus,weobtain
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The systemhasto be supplementedwith boundary
and initial conditions. Here we request G

GIH

7J	

G
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�L	". , where M is theouternormalon

2

� , and
�4��.��,N �O	P�RQK�SNT� for someinitial concentrationdis-
tribution �UQ . We remarkthat with theseboundary
conditionsmassis conservedandthattheGinzburg±
Landaufreeenergy is aLyapunov functional,i.e. we
have
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Startingwith a randomperturbationof a constant
state _�RQ , which hasvaluesin the unstableconcave
partof

�

, weobservethefollowing: In thebeginning
the chemicalenergy decreasesrapidly whereasthe
gradientenergy increases.Thisis dueto thefactthat
during phaseseparation� attainsvalueswhich are
at largeportionsof thedomaincloseto theminima
of the chemicalenergy

�

. Sinceregionsof differ-
entphaseareseparatedby transitionzoneswith large
gradientsof � , thegradientenergy increasesduring
phaseseparation.In the secondstageof the evolu-
tion Ð theactualclusteringÐ whenthestructures
becomecoarser, thetotalamountof transitionzones
decreases.Correspondinglytheamountof gradient
energy becomessmalleragain.

3 Including Elasticity

Elasticstressesplay an importantrole duringphase
separationin mostalloys. Suchstressesarisefrom
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Figure4: Threetimestepsof aCahn-Hilliardprocess
includinganisotropicelasticity.

anelasticenergy whichtakesinto accountelasticin-
teractionsduetodifferentcrystalstructures.Thefree
energy � canbede®nedasa functionalof thecon-
centration� andthedisplacement®eld� , asfollows

����� ��� �'� 	
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The third term accounts for an energy con-
tributions due to elasticity. We consider
linear elasticity and obtain � ��� ��� � � 	
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anisotropicelasticitytensorandtheterm _
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simplestmodelby _
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Thusthe resultingdiffusion equationintroducedin
Sec.2hastobemodi®ed.Weobtainfor thechemical
potential
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where
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is the stresstensor. Figure4 shows threetimesteps
from a diffusionprocessthat takesanisotropicelas-
ticity into account.

Sincetherelaxationinto mechanicalequilibriumoc-
cursona timescalethatis fastcomparedto thetime
scaleatwhichdiffusiontakesplaceweassumequa-
sistaticequilibriumfor thedeformation.Hence,we
obtainthemechanicalequilibriumconditiondiv �
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4 A Multiscale Clustering Ap-
proach

Theaimof thissectionis toderiveacontinuousclus-
teringmodelmainly on ¯ow data.Motivatedby the
Cahn-Hilliardmodelfor phaseseparationandparti-
clecoarsening(cf. Section2),weintroduceacluster
mapping#L��8

9

Q

:O�%$ 8 which will bethesolu-
tion of anappropriateevolution problem. Thereby,
time will serve asthescaleparameterleadingfrom
®neclustergranularityto successively coarserclus-
ters.For ®xedtime

3

ourde®nitionof thesetof clus-
ters 	 �

3

� is foundedon thefunction # by

	 �
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Thissetsplitsup into theactualclusters
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Now westudytheevolutionproblemwhichcontrols
the quantity # . We supposethis evolution to be a
suitableclusteringmodel,if for theinduced	 �

3

�

� thenumberof clustersgenericallydecreasesin
time,

� the shapeof the clustercomponentsstrongly
correspondsto correlationsin thedata®eld,

� thevolumefractioncoveredby 	 �

3

� is approx-
imately constantin

3

, i. e. 0 132
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We pick up the physicalCahn-Hilliardmodel and
consideradoublewell separationpotential

�

��#�� and
de®nea separationenergy �:9 	<;

�

�=9 ��#�� dW with
energy density � 9 ��#��B	

�

��#�� . Underall # with
;

�

# dW 	 _# Q 	 const.theenergy �:9 is minimal if
# attainsonly thevalues1

( . This leadsto a binary
decompositionof thedomaininto two parts,where
onepartcorrespondsto & W���# �XW � 	

(
* .

Theset & W���# �XW�� 	
(

* howevercanhavemany con-
nectedcomponentsandmay even be very unstruc-
tured.Furthermorethereis nomechanismwhichen-
forcesa successive coarseningandthusa truemul-
tiscaleof clusters.Therefore,we want to introduce
a term penalizingthe occurrenceof many discon-
nectedclustercomponentswith highinterfacialarea.
MotivatedbytheCahn±Hilliardtheoryof phasetran-
sition we choosea gradientenergy �

G

	>;

�

�

G

dW

with localenergydensity�

G

thatpenalizesrapidspa-
tial variationsof # .

In orderto have ¯exibility to chooseananisotropic
andinhomogeneousgradientenergy, anappropriate
de®nitionof aninterfacialenergy densityis givenby

�

G

� �?#�� 	
�

�@� �?# N �?#*�

whereª N º denotesthe scalarproductin 8BA ,
�

is a
scalingcoef®cientand �

-
8BADCEA is somesymmet-

ric positive de®nitematrix that may dependon the
spacevariableandotherquantitiesinvolved.

In thefollowing wewill call theset

2

& W���# �XW�� 	Z.+*

theinterface.Theorientationof theinterfacecanbe
describedby thenormalto theinterfacewhich,in the
casethat �F#HG 	6. , is givenby

M 	

�?#

I

�?#

I

F

Weremarkthattheinterfacebetweenthesetof posi-
tive andnegative valuesof # is perpendicularto M .
For � 	 Id all gradientsof # and hence,all in-
terfacesarepenalizedequally independentof their
orientation. With respectto our clusteringinten-
tionweconsiderananisotropicenergydensitywhich
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stronglydependsontheorientationof thelocalinter-
faceandtherebyon thedirectionof �F# .

Letusassume� �R� $ 8 A tobesomevector®eldon
thedomain � . Typically sucha ®eldinducesa ¯ow
on � with streamlineswhich aresolutionof theor-
dinarydifferentialequation

�

W 	����XW�� . Now, anatu-
ral clusteringshouldemphasizethecoherencealong
the inducedstreamlines.Thus,crossstreamlinein-
terfaceshavetobepenalizedsigni®cantlyby thegra-
dientenergy. Wechoose
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given � - 8BA themapping� ���R� -��� ���*� is a co-
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. Sinceinter-
facesthat crossstreamlineshave to have larger en-
ergy wechooseapositive � with � ]
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Now wede®nethe®rstvariationof theenergy
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Weobtain 76	
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div � � �?#�� .

Let usassumethattheevolution of theclustermap-
ping # is governedby diffusion where the corre-
spondinḡ ux linearly dependson thenegative gra-
dientof the®rstvariationof energy. As thesimplest
modelwe choose

2

�

#
&

5�7 	 . andendup with
thefollowing fourthorderparabolicproblem:

Findacontinuousclustermapping# � 8
9

Q

: � $ 8 ,
such that

2

�

#
&

5�7 	 . (4.1)
7 	

�ED
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div � �E�?# � (4.2)

withboundaryconditions G

GKH

# 	 G

GIH

76	Z. andpre-
scribedinitial data # ��.U�,N ��	�# Q��SN � .

This modi®edCahn±Hilliardequationcanbe inter-
pretedas the �

�

 gradient¯ow for the energy �

(see[15] for a discussionof this fact in thecaseof
the standardCahn±Hilliardequation).In particular
we immediatelyobtaintheLyapunov property

2

�

����#�� ]^.'F (4.3)

This energy decayis in fundamentalaccordanceto
thedesiredsuccessivepatterncoarseningin theevo-
lution. After aninitial shortperiodof phasesepara-
tion it is mainly the interfacial energy contribution
which is successively reduced. Furthermore,as in
thecaseof thestandardCahn±Hilliardequation,we
obtainthat ;

�

# �XW*�

3

�

V

W is constantin time, which
correspondsto theapproximatevolumeconservation
of thegeneratedscaleof clustersets.

In generalit doesnotmakesenseto considercertain
initial data,if no a priori informationon the clus-
tering is known. As initial data # Q we thuschoose

Figure 5: Continuousclusteringof a vector ®eld:
time evolution (upper row), effect of increasing
anisotropy (lowerrow). Thecomputationisbasedon
agrid of resolution

�����

�

.

a constantvalue _#�Q plussomesmall randomnoise.
Theconstant_# Q dependsonthevolumefraction

7

of
thedomainlateronto becoveredby theclusters,i.e.
by thesets& W��/# �

3

�\W � (^.+* . Therefore,wechoose

_#4Q 	

7

( & �

!

&

7

� ( F

Startingwith a randomperturbationof thisconstant
®rstvery rapidly clusterpatternswill grow without
any prescribedlocationandorientation. This is in
orderto decrease�:9 	 ;

�

�

��#�� dW which forces
thesolutionto obtainvaluescloseto 1

( in mostof
thedomain � . After this processtheclustersorien-
tatethemselvesin ananisotropicwayto decreasethe
amountof theanisotropicgradientenergy �

G

. In ad-
dition,theclusterbecomescoarserandcoarserdueto
thefact thatsmallerparticlesshrinkandlargerones
grow. Weremarkthatin particularoneobservesthat
a large particle that is surroundedby smallerones
grow totheexpenseof thesmallerones.Thisimplies
thatastimeevolveslocally only themainfeaturesof
theclusterswill bekept.

Altogether, we obtaina scale#*�

3

� N � of clustermap-
pings and inducedclustersets 	 �

3

� . They repre-
senta successively coarserrepresentationof simu-
lation dataandcontinuouslyenhancecoherencesin
the underlyingsimulationdataset,wherethe clus-
ter set 	 �

3

� will cover a volumeof approximatesize

7

� � � . Asalreadymentioned,themultiscaleproperty
comesalongwith thedecayof theenergy � ��# � (see
(4.3)).

To summarize,the vector®eldthat is to be repre-
sentedde®nestheanisotropy of theenergyandthere-
fore governs the diffusion processof # . Roughly
speaking,thevector®elddeterminesin whichdirec-
tionaninterfacebetweenphasesisrelativelyºcheapº
(fromanenergypointof view). Astheenergy ismin-
imizedduringtheevolutiontheinterfaceswill move
in suchawaythattherearemostlyºcheapºinterfaces
(i.e. interfaceswhere�?# is roughlyperpendicularto

� , whichmeansthattheinterfaceis roughlyparallel
to � ). So for any particlemostof its boundarywill
be alignedwith the vector®eld � . If not too large,
theparticlesthemselveswill bealignedto thevector
®eld.Fig. 5 shows theresultof this processandthe
in¯uenceof increasinganisotropy in thesurfaceen-
ergy term.
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Figure6: Vector®eldvisualizationwith controlonparticleshape(differenttimescales)

5 Control of Particle Shape

The resultspresentedin Fig. 5 arequite similar to
thevarious¯ow texturemethodsknown in theliter-
ature[5, 2, 29, 7, 21]. Given a goodscalechoice,
suchimagescouldbeusedon their own to give in-
sightin a2D ¯ow ®eld.However, suchimagescon-
vey only the orientation,but not alsothe direction,
of a ¯ow ®eld.This limitation hasbeenrecognized
by Wegenkittletal [26], whohavepresentedseveral
methodsto emphasizedirectionin LIC algorithms.
One methodto convey directionalinformation via
iconi®cationis further presentedin Sec.8. In this
section,we discussan alternative methodthatadds
directionalinformationdirectly into thecontinuous
clusteringmodel.

Our aim is to createinterfacesthat areasymmetric
with respectto the¯ow ®eld's direction. We divide
suchaninterfaceinto two regions,dependingon the
anglebetweentheinterface'ssurfacenormalandthe
¯ow ®eld,i.e. thequantity �?# N��

0

�

0

(seealsoFig.7).
In thefronthalf, de®nedby �?#EN

�

0

�

0

�

. , theenergy
is asdescribedin the previous section. In the back
half, de®nedby �?# N��

0

�

0

�

. , we de®nean addi-
tional shapeenergy term �

9 asa functionof thean-
glebetweenthelocalgradient�?# andthe¯ow ®eld
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Figure7: Controlof particleshape

Thecoef®cient
�

de®nestheimportanceof thisaddi-
tionalshapeenergy �

9 in theglobalenergy, thusthe
intensityof thiseffect in the®nalvisualization.The
shapeenergy penalizesthusonly thebackhalvesof
theclusters,decreasingthevalueof # in theseareas.
Indeedtheclusterstry toavoidbacksideswhosenor-
malspoint in theupwinddirection.If thefunction #

is directly visualizedby a color plot, the perceived
effect suggestsdropsof ¯uid transportedby theun-
derlyingvector®eld� . Figure8 showsthiseffectfor

vector field

Figure8: Constantvector®eld,singleparticle(left).
Circularvector®eld(right)

Figure9: Controlof particleshape.Overview image
(left) andclose-upimage(right)

a single,respectively several particles,in a circular
vector®eld.

Figure6 shows several time stepsin the visualiza-
tionof amorecomplex ¯ow ®eld.Figure9illustrates
the effect of the additionalenergy term �:9 on the
particleshapeby showing a close-upfor a timestep
of the above sequence. The above imagesare
similar to the furlike texturesfor ¯ow visualization
presentedin [16]: the ¯ow ®eld's directionis sug-
gestedbythefadingawayof the' tail' of theparticles.
However, whereasthecitedmethodgeneratessharp,
arrow-shapedparticlesthatpoint in thedirectionof
the¯ow ®eld,we generateblunt,drop-like particles
thatpoint in theoppositedirection.

Correspondingto theabove additionalenergy term,
the®rstvariationof theenergy 7 ± which we have
to build into our diffusionproblem± is now de®ned
by:

7Z	

�ED

��#��
&

�

div � �E�?# �
&

�

div �4F

where

�Y� 	

�

�

$

� �?# N �����

0

�

0

+
� if �?# N �

�

.U�

.�� if �?# N � ]B.UF
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Figure 10: Effect of anisotropicelasticity. Early
timestep(left); latetimestep(right)

6 Stress-Driven Diffusion

Now, let us discussthe extensionof our cluster-
ing model basedon elastic stresses. We choose
ananisotropicelasticitywhichis stronglycorrelated
with the ¯ow ®eld. Hencewe de®nea modi®ed
strain

� � �*�<� 	-�

 

����� � � �*�/�Y�����

acorrespondinglymodi®edstress:
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andtheappropriatemodi®edelasticenergy:
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Againtherotation�Y����� isusedto transformthe¯ow
alignedcoordinatesystemto the canonicalcoordi-
nateframe.With themodi®cationspresentedabove,
theelasticitytensoris de®nedin suchaway thatthe
¯ow directionis thepreferredstretchingdirection.

Incorporatinganisotropicelasticityleadsto interest-
ing imagesalreadyin the early clusteringstages.
Theseimagesarerelatedto the shearzonesof the
¯ow ®eld. For later times, the resultingclustering
triestoavoid thecrossingof highshearregions.Fig-
ure10illustratestheaboveeffectsfor thevector®eld
discussedin Sec.5.

It is sometimesconvenient to choose# -dependent
elasticitytensors	 ��#�� in suchawaythattheparticles
have largerelasticityconstants,i.e. theparticlesare
harderthanthe surroundingmatrix. In this setting,
alreadyin caseof anisotropicelasticityindependent
onavector®eld,werecognizesigni®cantchancesin
thebehaviour of ourmethod:theclusterdistribution
tendstobemoreuniform. Furthermore,independent
of theinitial volumefraction,it is alwaystheharder
phasewhich forms the clusters,whereasthe softer
phasebuilds thesurroundingmatrix. In conclusion,
elasticitycanbeusedfor two goals.First,it canpro-
ducecluster-basedvisualizationsof shearlayertype
data.Secondly, it canbeusedasaglobalcontrolfor
theclustersizedistribution.

7 Discretization of the Diffusion
Problem

In what follows we brie¯y discussthe discretiza-
tionandimplementationof theevolutionproblemfor
the clustermapping # andthe setof clusters	 �

3

� .
For this purposea ®niteelementdiscretizationin
spaceandsomediscreteschemein time areconsid-
ered. Here,uppercaselettersdenotediscretequan-
tities which correspondto continuousquantitiesin
lowercaseletters.Hence,weconsideranappropriate
continuousvariationalformulation for (4.1), (4.2),
givenby

�

2

�

#*�������Z����7 �0���R� 	Z.��

�X7���� � 	

$

�ED

��#��?�
	 + �Z��� �?#*�?��	R���

which shallhold for all ���
	 -��� �

_

�C� , where �SN � NT�

denotesthe �

�

productonthedomain� . Fora®nite
elementimplementationwenow replacethecontin-
uoussolutionandtestfunctionsin this formulation
by discreteapproximationsin some®niteelement
space. Here we have restrictedourselves to ®nite
elementson regular adaptive grids ��� in 2D and
3D generatedby recursive subdivision of elements

� . On thesegridswe considerthebilinear, respec-
tively trilinear ®niteelementspaces�

� for the ap-
proximationof # and7 on � . Numericalintegration
of the �

�

productsis basedon the lumpedmasses
product �SN � N ��� [24]. Furthermoreweconsideracen-
ter of massquadraturerule for the bilinear forms

� �^N �0�BN � and � �E�BN �?�BNT� . Especially, wereplace�

by thepiecewiseconstantdiffusiontensor�

� , with
�

�

�

>

	 �����

>

� , where�

>

is theelement'scenterof
mass.

For thediscretizationin timewehave takeninto ac-
count two possibilities: a ®rstorder implicit Euler
schemeanda secondorder � ±splittingscheme(see
Bristeauet al. [1] andMÈuller Urbaniak[14]). Both
areknown to be stronglyA±stable. While we can
provetheenergydecayproperty(4.3)for theimplicit
Euler scheme,we usethe � ±splitting for practical
computationsasit allows largertimesteps.

In the caseof the implicit Euler schemethe time
derivative is discretizedby

2

�

# �\��� �

!

�����

5

�������

�

���

�

where� is theselectedtimestepand  :A

anapproximationof #*���!�4� . A brief introductionto
themorecomplicated� ±splittingcanbefoundin the
appendix.

Finally, we canderive a fully discretescheme.For
theªhat shapedºmultilinearbasisfunctions "

� and
thediscretepiecewiseconstantanisotropicdiffusion
matrix �

� wede®neby
#

� � 	 �\�$"
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��"

�

�
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� �

�

�%�4� �E� � 	 &�� �

�

�'"

�

�0�'"

�

��(

� �

thediagonallumpedmassandtheanisotropicstiff-
nessmatrix respectively andby �

�
� 	��

�
� Id � the

standardstiffnessmatrix. Theseglobalmatrices
#

� ,
�%� , and �%�4� �E� areassembledin agrid traversalcol-
lectingthecontributionsonall localgrid elementsas
it is standardin ®niteelementprogramming[4].
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If we indicate by a bar coef®cientvectorscorre-
spondingto ®nite elementfunctions in the basis

&�"

�

*

� , weobtainthebackwardEulerdiscretization
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� is the interpolationon
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D

�SN �\�
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thevectorof nodalwisederivativesof

�

.

In eachstepof thediscreteevolutionwehavetosolve
thissystemof nonlinearequations.In ordertodothis
weapplysomeNewtonschemewhichtypicallycon-
vergesin a few stepsif we considermoderatetime
stepsandpick uptheold solutionattheold timestep
astheinitial guessfor thenewton iteration.

Theef®ciency of ourapproachisfurtherincreasedby
anadaptive grid re®nementandcoarseningstrategy.
Here,we useda heuristicstrategy which re®nesin
interfacialregionsandcoarsensin thepurephases.

In thecaseof theimplicit Eulerscheme,it ispossible
to prove discretecounterpartsof themassconserva-
tion andenergy decayproperties.I. e.
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is non increasing(discreteLyapunov property)and
thusgivesreasonfor thediscretemultiscaleproperty
of our method
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Consideringin additioneither the directionalterm
whichallowscontrolof theparticleshapeor theelas-
tic stressterm in the discretepotentialwe proceed
analogouslyto thebasicmodel.Exceptin theelastic-
ity casewherewehave to couplethediffusionequa-
tion with thebalancelaw for theelasticity. For de-
tailswereferto [8].

8 Iconic Representation of the
Clusters

The clusteringmethoddescribedin Section4 pro-
ducesclusterswhich emphasizethe spatialcoher-
encein the data. In what follows concerningthe
iconic representationwe focus to the caseof ¯ow
data.Neverthelessthis expositionmight inspirethe
readerto think of different applicationsalong the
sameguidelines. For ¯ow data,cluster interfaces
tend to be tangentto the streamlinesof the under-
lying vector®eld,sotheclusters'shapesconvey lo-
cal insightin thevector®elddirection.On theother
hand,thephysicalphaseseparationmodelpresented
in section2producesclusterswhichtendtobeevenly
distributedover thedomainof interest� .

Consequently, suchclusterscouldbeusedasastart-
ing point for producinga simpli®edvisualizationof
thestructureof theunderlyingvector®eld.For this,
we proposeto reduceeachclusterto onecurvedar-
row icon. For everycluster, thesizeandspatialposi-
tion of theiconshouldre¯ect thesizeof thecluster,
whereasthecurvatureandarrow directionshouldbe
relatedto thevector®eldinsidetherespective clus-
ter. We have chosento usethe curved arrow icons
asthey convey several informationlevels in a sim-
ple,easyto understandmanner[23], ascomparedto
other, moreabstracticons.

The iconic visualization pipeline based on the
multiscaleclusteringproceedsas follows (seealso
Figs.11 and13). First, theclusters	 areextracted
from the Cahn-Hilliardequationsolution # . Next,
the skeletonsof the clustersare computedas sets
of discretepoints,asshown further in section8.2.
Next, thecenterpointsof theskeletonsaredetected
andusedto constructthecurved arrows by stream-
line tracing,asdiscussedin section8.4. Thereason
why weusesuchanapparentlycomplicatedmethod
is, that typically the clustersare large thin often
curved structuresand streamlinetracing is rather
sensitive with respectto the choiceof the starting
point. The restof this sectionexplainsthe several
stepsin detail.

8.1 Cluster Extraction

First we extract the clusters	 from the scalar®eld
# . For this,weclassifyall thecellsof thediscretiza-
tion of the®eld# asclusteroutside,border, or inside
cells,basedon thesignof #*�XW�� . Moreover, all bor-
derandinsidecellsbelongingto a givenclusterare
labelledby thecluster'sID aspresentedby e.g.Wal-
sumetal. in [18].

8.2 Skeletonization

In thesecondstep,clustersarereducedto theirskele-
tons. By skeleton,weunderstandhereasetof points
which, if connected,producea 'spine' which con-
veys theshapeinformationof theoriginal clusterin
acompactmanner.

Therearenumerousskeletonizationalgorithms[11,
13]. However, many suchalgorithmsproduceskele-
tonswith complex, tree-like topologies.As we in-
tendhereto usethe skeletonsonly to producethe
arrow icons,we prefersimple,polyline-like topolo-
gies.

Toproducesuchskeletons,weuseadiscretemethod
basedon theeikonalequation[22]. Givena bound-
ary curve � in two dimensions(or a boundarysur-
face,in 3D) anda function � , suchthat � 	". on

� , theeikonalequationis � ����� 	

!

. If we regard
� asbeingthe level set(e.g. isoline or isosurface)
of the function � , theabove equationdescribesthe
evolution in timeof � in normaldirectionto � , with
constantspeedequalto 1. In our case,� coincides
with thepreviouslydetectedclusterboundaries.
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Figure11: Pipelinefor iconicclustervisualization

flag all points as Known, Trial or Far ;

for all Trial points P
   insert P in narrowband;

while narrowband not empty
{
    A :=  point with smallest T in narrowband;

    remove A from narrowband;
   
    flag A as Known;

    for all neighbors N of A
       if N is Far
       {
           add N to narrowband;
           flag N as Trial;
       }

   if A has no Trial neighbors
      flag A as Extremum;   
   else
      for all Trial neighbors N of A
          recompute T at N by solving the eikonal equation;
}

Figure12: Fastmarchingmethodpseudocode

AspresentedbySethian[22], wediscretizetheabove
equationon the samegrid usedto solve the Cahn-
Hilliard equation,asfollows (for the2D case):
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(8.1)

wherethe �� denotesthe currentgrid point andthe
operators

�

9 and
�

� denotetheforwardandback-
warddifferencesat thatgrid point. On a 2D regular
grid of cell size � wehave

�
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�

 ��

�

�
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�
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�

�

 ����

��� �

�

, andsimilarly for the � axis.

Equation(8.1)canbeiterativelysolvedfor everygrid
point, until thesolution � converges. However, we
usethemoreef®cientfastmarchingmethod,asde-
scribedin [22]. Thefastmarchingmethodproceeds
by ®rsttaggingall grid pointsaseitherKnown(for
thepointson � with known value �B	 . ), Trial (all
pointsthatareonegrid pointawayfrom � ), andFar,
for all otherpoints.

Thealgorithm(Fig. 12)constructsthesolution � it-
eratively fromtheinitially Knownpointswith �^	6.

on theboundary� . At eachstep,thesolution � is
constructedfrom the point with the smallestcom-
puted� value,by steppingaway from theboundary
in a downwind direction. Whena local extremum
point of � is encountered,we freezethatpoint and
addit to theskeleton.Theboundaryis thusmarched
inwardsuntil it collapsesinto a singleline, namely
theskeletonpointsof thecluster� .

To implementthe algorithm ef®ciently, we use a
heapstructurenarrowbandto maintain the set of
Trial points. The heapis maintainedsortedin as-
cendingorderon the valueof � . Finding the Trial
pointwith thesmallest� valuein narrowbandis thus

� �

!

� . Insertinganew point in theheapis � �������

#

�

in the worst casefor a heapof
#

points. Overall,
thefastmarchingmethodis

� ��������� � � in theworst
casefor agrid of � points[22]. Practically, our im-
plementationof theabove algorithmcompletesin a
few secondson gridsof around100,000cellson an
SGIO2R5500machine.

8.3 Reconnection and Center Detec-
tion

The skeletonizationproducesa set of usually dis-
joint skeletonpoints(Fig. 13). The reasonfor this
is that the inwardsmarchingof the boundaryde-
scribedin theprevioussectionis accurateonly upto
the sizeof a grid cell. However, the desiredskele-
ton shouldbe exactly onegrid cell thick. By look-
ing at theextractedskeletons,we estimatedempiri-
cally thatabouttenpercentof theskeletonpointsare
notextractedby thefastmarchingmethod.To reme-
diatethis problem,we reconnectthe extracteddis-
joint pointsin apostprocessingstepbasedonaclos-
estpointstrategy in orderto produceapolyline. For
everycluster, wethencomputethecenterof its poly-
line anduseit in thenext stepof thepipeline.

8.4 Icon Construction

From the skeletoncentersdetectedin the previous
step,streamlinesaretracedin the vector®elduntil
they reachthe bordersof the clusterswithin which
they evolve. Next, curvedarrow geometriesarecon-
structedaroundtheextractedstreamlines.Finallywe
discusstheapplicationof the continuousclustering
methodandthe associatedcurved arrow visualiza-
tion to variousvector®elds.

Theleftmostimagein Fig.13showsasolution#*�

3

�,N �

of the Cahn-Hilliard processdriven by a 3-vortex
vector®eldon a !

#

:�!

#

2D grid.

The thresholdingof the continuoussignal # into
clustersisshown in thesecondimageof Fig.13. The
clustersoverlaid with the extractedskeletonpoints
areshown in the third imageof Fig. 13. Theright-
mostimagein Fig.13visualizesthevector®eldwith
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Figure13: Clusteringpipeline,from left to right: diffusionsolution,clusters,skeletonpoints,curvedarrow vi-
sualization.Theunderlyinggrid is of size

�����

�

.

Figure14: Fromleft to right: theresultsof two suc-
cessive time stepsof the clusteringevolution with
correspondingicons.

Figure15: Two differentconvectivevector®eldsare
depictedby theclusteringmethod.On theleft a®ne
representationis shown, whereason the right a re-
sultingcoarserepresentationis depicted.

streamline-basedicons.Thecurvedarrows,initiated
from theskeletoncentersdepictedassmallballs,are
clippedby thebordersof theclustersintowhichthey
evolve.

A similar visualizationis shown, for two different
clusteringtime instants,in Fig. 14. The multiscale
featureof theclusteringis visible in thereductionof
the arrow count. An enhancementof the proposed
curved arrow visualizationis shown in Fig. 15 by
theadditionof aspotnoisetexturedbackground.Fi-
nally, Fig.16showstheproposedmethodappliedon
acircular2D vortex.

9 Discussion

In this section,we comparethe presentedcontinu-
ous clusteringmethodwith the discreteclustering
methodpresentedin [23]. Similarly to the method
presentedhere, discreteclusteringbuilds a vector

Figure16: Visualizationof a circular ¯ow ®eldby
theclusteringmethod.

Figure17: A 3Dvector®eldisvisualizedby theclus-
teringmethod

®eld multiscale representationby merging neigh-
bouringcells with similar vectorvalues. The time
parameterof the Cahn-Hilliardequationis equiva-
lentwith theiterationcountin thebottom-updiscrete
clustermerging. Thecontinuousclusteringmethod
deliversa continuousscaleof successively coarser
clustersets.In contrast,discreteclusteringproceeds
in distinct steps,wheretwo clustersaremergedat
eachstep.

Figure18 shows the discreteclusteringof the two
vector®eldsdiscussedin the previoussection.Re-
gardingtheclustershapes,thecontinuousclustering
explicitly constrainstheshapevia theminimization
of the interfacial energy, in order to obtainvector-
aligned,smooth-shapedclusters.In contrast,thedis-
creteclusteringdoesnotconstraintheclustershapes
in any manner, assumingthattheirgrowth to a'natu-
ral' partitionof thevector®eldcanbegovernedonly
by theinter-clustersimilarity function.Thiscanlead
however to 'badly' shaped(e.gthin andlong) clus-
ters, which are hard to representby curved arrow
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Figure 18: Discreteclusteringof a 3-vortex ®eld
(left) andacircularvortex ®eld(right).

Figure19: Simpleball image(left) andbrush±stroke
representation(right)

icons. In this respect,we seethecontrollingof the
clustershapein thecontinuousclusteringmethodas
an advantage.However, discreteclusteringalways
mergesthetwo mostresemblingclusters,so thein-
trinsic symmetryof the underlyingvector®eldre-
mainsvisible in theclustering(see[23] for details).
This may be seenas an advantageof the discrete
clusteringmethod,seeFig. 18. Finally, the shapes
producedby the continuousclusteringarenot con-
strainedto simpleconvex ones,asin themethodpre-
sentedbyHeckeletal [9]. Wehaveappliedthecon-
tinuousclusteringmethodalsoto thevisualizationof
3D®elds.Fig.17showsthevisualizationof a3Dcir-
cularvortex ®eldfromtwodifferentviewpoints.The
producedarrow iconsillustratetheclusteringof the
datain the centerof the domain,wherethe ¯ow is
dominatedby a vertical swirling motion,andalong
the domain's boundary, wherethe ¯ow mainly ro-
tatesin horizontalplanes.

Finallywepresentanapplicationof ourapproachfor
2D imageprocessing,wherewe generatea scaleof
brushstroke typerepresentationsof a greyscaleim-
age.Weconsidertheintensityof animageasascalar
function � � � $ 8 . If we intendto releasebrush
strokesalongregionsof homogeneousvaluesof the
scalarquantity � , weneedto energeticallyfavour in-
terfaceswhich have a tangentspacelocally perpen-
dicular to ��� . Hence,we choosea corresponding
quadraticform with
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� . . Figure19showstheapplication
of out methodon a simpleball imagein which the
imagegradientvariessmoothly. However, when
theimageis morecomplex, it is harderto recognize

Figure20: Multiscalebrush±strokerepresentationof
agreyscaleMonaLisa image.

theoriginal imagefeaturesin theprocessedimages
(cf. Fig. 20).

10 Conclusions

We have presenteda new multiscaleclusteringap-
proachwhich is basedon a continuousmodel for
clusteringon scienti®cdata. Theapproachis moti-
vatedby well-known physicalclusteringmodelsde-
scribingthephaseseparationandcoarseningprocess
in metalalloys. As a casestudywe focusedon the
clusteringof ¯ow ®elds.Futureresearchcouldbedi-
rectedto

� the improvement of the performanceof the
methodwith respectto computingtime,where
parallelizationor implementationof theunder-
lying diffusion in texture hardware may help
to overcomethecomputationalbottleneck(the
clusteringprocesstakes ± dependingon the
sizeandresolutionof the data± from several
minutesupto acoupleof hoursonafastwork-
station),

� theconstructionof furtherappropriateinterfa-
cial energiesfor differentapplications,

� a detailedclassi®cationof theskeletonshapes
andtheselectionof appropriateicons,e.g. for
saddlepointsor vorticesin ¯ow ®elds.

Appendix

Herewebrie¯y outlinetheimplementationof the � -
splitting scheme. Due to its strongstability prop-
ertiesit allows much larger timestepsschemeand
wehaveusedit in thecurrentimplementationof our
clusteringmodel.Theschemedividesany timestep
in threesubsteps(seeFigure21). In eachsubstepthe
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linearoperatoris split up into two partswith coef®-
cients� and

!

& � respectively, oneof whichis taken
implicitly theotherexplicitly. Thenonlineartermis
takenimplicitly in themiddlesubsteponly.

ttn tn + qt tn +(1-q)t tn +t

Figure21: � ±splitting,subdivision of timesteps
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