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Abstract

A new methodfor the simpli®cationof ow ®elds
is presented.lIt is basedon continuousclustering.
A well-known physicalclusteringmodel, the Cahn
Hilliard modelwhich describephaseseparationis
modi®edto re ect the propertiesof the datato be
visualized. Clustersare de®nedmplicitly ascon-
nectedcomponent®f the positiity setof a density
function. An evolution equationfor this functionis
obtainedas a suitablegradient ow of anunderly-
ing anisotropicenegy functional. Here time senes
asthe scaleparameter The evolution is character
izedby asuccessie coarseningf pattern®d theac-
tual clusteringb duringwhich the underlyingsim-
ulation dataspeci®egpreferablepatternboundaries.
Weintroducespeci®@hysicalquantitiesn the sim-
ulation to control the shape orientationand distri-
bution of the clusters,asa function of the underly-
ing ow ®eld.In additionthemodelis expandedn-
volving elasticeffects. Therebyin early stagesof
the evolution shearlayer type representationf the
“ow ®eldcanbegeneratedwhereador later stages
the distribution of clusterscanbein"uenced. Fur
thermore,we incorporateupwind ideasto give the
clustersan orienteddroptshapedppearanceHere
we discusghe applicability of this new type of ap-
proachmainly for "ow ®eldswherethe clusteren-
ey penalizescrossstreamlineboundaries. How-
ever, the methodalso carriesprovisions for other
®eldsaswell. Theclusterscanbedisplayeddirectly
asa ow texture. Alternatively, the clusterscanbe
visualizedby iconicrepresentationsyhichareposi-
tionedby usinga skeletonizatioralgorithm.

1 Introduction

Nowadays, fast computing hardware and ef®cient
numerical algorithms enable highly detailed and
large scienti®csimulationswhich deliver enormous
amountsof data. Various visualizationstratgies
have beenproposedo represensuchdatain anin-
tuitively understandableay.

Thelargerandmorecomplex the simulationresults
becomethestrongeiis theneedfor asuitablemulti-
scalevisualizationapproach Simpli®edrepresenta-
tionsof thedata,usefulto seetheglobalpatterncan
be graduallyre®nedor furtherinsight. Moreover,
differentviewersneeddifferentrepresentationsNu-
mericalexpertsmightwantto seetheraw datain full
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Figurel: Vector®eldvisualization:hedgehoglots
(left), proposedtlusteringmethodgright).

detail, technologicakxpertsmight wantto seecer
tain featuressuchasvortices,whereaghe manage-
mentmight needa simpli®edpresentation.

Clustering, well-known from statistics, is such a
multiscaleapproach. Data are groupedin succes-
sively largersetsof stronginternalcorrelation.Many
techniquesareavailablefor scattere@ndscaladata,
e.g.basednwaveletor Fourieranalysig12, 28].
However, for vectordata,only few multiscalevisu-
alizationmethodsareavailable. Themostubiquitous
vector®eldsimpli®catiormethods still regularsub-
sampling,which is well-knowvn to producealiases
(seee.g.Fig. 1). Turk [25] usesanenegy minimiz-
ing approacho placeequallydistributedstreamlines
at a userprescribedresolutionon the screen. Se-
lectedstreamlinedrawvings are furthermoreconsid-
eredby Jobardetal [10].

Recently two approachesor clusteringvectordata
have beenproposed. In both approaches hierar
chical clusteringtreeis producedandthe resulting
clustersarevisualizedwith arronvs. Heclel etal. [9]
startfrom scatteregbointswith vectordata.Initially
all pointsarestoredin a singleclustey whichis re-
cursiely splitin atop-dovn manner At eachstep,
the clusterwith the strongesdiscrepang between
streamlinegeneratetby theoriginal®eldandits ap-
proximationby the clusteris bisectedwith a plane,
using principal componentanalysis. The resulting
clustersare guaranteedo be corvex, asa resultof
this bisectionapproach However, accuratelyrepre-
sentingcomplex ®eldswith corvex clusteramayre-



quirealargeclustercount.

TeleaandVanWijk [23] usea bottom-upapproach.
Initially, eachdatapointis a cluster next theseclus-
tersarememged. In eachstepthe mostsimilar clus-
tersare meged,accordingto a measureof the dif-
ferencean positionandorientationof thevectorsthat
representhe clusters. The clustershapesare con-
strainedonly indirectly by adaptingthe weightsof
the varioustermsin the error measure. However,
this methodis sometimesensitve to the mentioned
weighttuning.

Here we proposea continuousclusteringmethod
basedon a phaseseparatioimodelwhich leadsto a
diffusion problem. The maindifferenceto the other
approachess that no booleanmemging or splitting
decisionshave to be made. Instead,a suitabledif-
fusion processcontinuouslyenhancestrongcorre-
lationsin the clustersets. In contrastto Heclel's
method the clustersthatwe generatarenot neces-
sarily corvex. Hencecurved ow ®eldscanberep-
resentednoreeffectively. Figurel shavs two vec-
tor ®eldsvisualizedwith the classicahedgehoglot
(left) andwith two variantsof our method(right).

Our approachs motivatedby a well-knowvn physi-
calmodelfor phaseseparatiotin binaryalloyswhich

canbeunderstoodsaclusteringof materialin order
to decreasehe free enepy of the physicalsystem.
As a major application,we considerclusteringon

“ow ®elds.The methodis relatedto multiscaleim-

ageprocessingnethodologywhich leadsto second
orderparabolicequationswhereasour modelhere
will beafourthoderproblem.PeronandMalik [17]

haveintroduceda continuousliffusionmodelwhich

allows the denoisingof imagestogetherwith edge
enhancingTherecoreryof lowerdimensionastruc-
turesin imagess analyzedy Weickert[27], whoin-

troducedan anisotropicnonlineardiffusion method
wherethe diffusionmatrix dependsn the socalled
structuretensorof the image. PreuGierand Rumpf
presente@nef®cientmplementatiorfor largescale
imagedata[19] andusedananisotropidiffusionap-
proachfor “ow visualization[20].

In detailtheaimsof our methodare

to extracta collectionof nicely shapedsubsets
of the physicaldomain,whereeachof themis
being characterizedby a strongcorrelationin
the underlying physicaldataand they all to-
getheraresupposedo cover anapproximately
®xedfractionof thedomain,

to considernot only one suchrepresentation,
but a scaleof themrangingfrom ®negranu-

larity in the subdvisionto very few andcoarse
clustersets.

This multiscale should enablethe exploration of
complicatedsimulationdataandthe visual percep-
tion of correlationsn suchdatasetsatdifferentreso-
lutions. In ourmodel theclusterswill berepresented
implicitly by a scalarfunctionevolving in time. In
addition,we expandthemodelincorporatinga con-
tributionto theenegy dueto elasticeffects. Thereby
we areableto in"uence the distribution of the par
ticlesandfor smallevolution times+ notyetin the

rangeof theactualclusteringresultst we obtainim-
ageswhich shaw sheatdayertype patterns.Further
more,we usean upwindideato obtaindrop-shaped
particleswhich clearly outline the ow ®elddirec-
tion.

Concerningthe graphicalrepresentationwe could
straightforvardly use a color codedrepresentation
of this functionon the physicaldomainasatexture.
In thelastdecadea variety of suchtexturing meth-
ods hasbeenpresentedor "ow visualization. We
mentionherethe spotnoisetechniqueby Van Wijk
[5], theline integral corvolution methodby Cabral
andLeedom[2], severalimprovementsandmodi®-
cationsof this method[29, 7, 21], andthe already
mentionednonlinearanisotropicdiffusion method
[20]. As analternatve to theabove, we usethe ac-
tual clusteringasa precomputingstepand pipe the
outputinto aniconicrepresentatioapproachThus,
the distinct subsetsat ary scalearerepresentedby
suitablegraphicaicons. Thisallowsafurtherreduc-
tion of graphicallyrepresentedata,while maintain-
ing andstrengtheningheinformationalcontent.

Theingredient®f ourcontinuoulusteringstratgy
areasfollows:

We formulateanevolutionproblemfor afunc-
tion whichimplicitly describeshe setof clus-
ters. The evolution canbe interpretedas the
gradientow with respecto anappropriaten-

ery.

Therearetwo majorenepgy contributions The
®rstoneleadsto the nucleationof clustersets
onthephysicaldomain.The secondnegives
risefor asuccessiveoarseningof theclustes.

Dependingon the underlying physical data,
surfaceseggmentsare weighteddependingon
theirlocationandorientation Thatis, surfaces
areconsiderablypenalizedf they areoriented
in crossdirectionto the correlation,otherwise
theirenegy contrikutionis keptsmall. Several
enegy componentsanbede®nedo constrain
theclusters'shapesn relationto variousquan-
titiesin the ow dataset.

Onary scaleaskeletonizatiormethodis used
to reducetheinformationalcontentof theclus-
ter setsto their essenceyhichis to befurther
visualized.

Finally, geometridconsareselectedo repre-
senttheextractedskeletoninformationgraphi-
cally, e.g. with arrowvs in caseof vectordata.

Let us emphasizehat the actualphysicaldataen-
tertheclusteringmethodonly via theanisotropien-
emgy. Moreover, the evolved functionis solely used
to de®neheclustersetswithoutary furtherphysical
meaning.

As applicationve mainlyconsiderow ®eldsyhere
the conceptof correlationalongstreamliness near
at hand. Neverthelessthe methodologyis not re-

strictedto "ow visualizationandis thus presented
herefor moregenerablata.
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Figure 2: Three timestepsof the original Cahn
Hilliard phaseseparation.

The organizationof the paperis asfollows. In Sec-
tion 2, we outline the physicalmodelof phasesep-
arationin binary alloys which motivatesthis work.
Section3 extendsthis modelby takinginto account
physical elasticity In Section4, we expandthis
modelandinterpretit in termsof amultiscalecluster
analysis.In Section5, we describehow the cluster
shapecanbe controlledto visualizethe directionof
a vector®eld. Section6 discussefiow anisotropic
elasticity can be usedto visualizeshearlayer type
patterns A ®niteelementiscretizatioris described
in Section7. In Section8, the skeletonizationap-
proachis outlinedandwe discusggraphicaliconsin
caseof vectordata. Finally in Section9 we discuss
theresultsandin Section10we drav conclusions.

2 Reviewing aPhysical Cluster-
ing Model

Beforewe discussour modelof continuouscluster
ingonsimulationdatawewill review in thissectiora
physicalmodelfor clusteringin metalalloys, which
goesbackto Cahnand Hilliard [3]. The Cahnt
Hilliard modelwasintroducedo describgphasesep-
arationandcoarseningn binary alloys. Phasesep-
arationoccurswhena uniform mixture of the alloy
is quenchedelow acertaincritical temperaturein-
derneatiwhichtheuniform mixturebecomesinsta-
ble. As aresultavery®nemicrostructuref two spa-
tially separategphasesvith differentconcentrations
develops.In laterstagef theevolution,onamuch
slower time scalethanthe initial phaseseparation,
the structurebecomecoarser:eitherby meiging of
particlesor by grawing of biggerparticlesatthecost
of smallerones.This coarseninganbe understood
asa clusteringwherethe systemmainly triesto de-
creasehesurfaceenepy of theparticleswhichleads
to coarserand coarserstructuresduring the evolu-
tion. In the basicCahnzHilliardmodelthis surface
enepgy isisotropic. Thereareno preferreddirections
of theinterfaces.Hencethe particlestendto beball
shapedcf. Fig. 2).

We now brie’y outlinethe basicideasof the Cahn+
Hilliard model. For moredetailswe referto there-
view papersby Elliott [6] and Novick+Cohen[15].

The CahnzHilliardmodelis basedon a Ginzlurg+
Landaufree enegy which is a functionalin terms
of theconcentrationlifference of thetwo material
components.The GinzkturgzLandauree enegy

is de®nedo be

T

Figure3: Chemicalenepgy asfunctionof concentra-
tion

where is aboundeddomain. The®rsttermin the
freeeneny, ,isthechemicaknepgy densityand
typically hasa doublewell form. In this paperwe
take

with a constant (cf. Fig. 3). We notethat
the systemis locally in oneof the two phasesf the
valueof is closeto oneof thetwo minima of

Thediffusionequatiorfor the concentration
is givenby

on . Intheequatioraborewedenoteby the
localchemicalpotentialdifferencewhichis givenas
thevariationaldervative — of  with respecto
(cf. Sectiond). Thus,we obtain

The systemhasto be supplementedvith boundary
and initial conditions. Here we request—

— , where istheouternormalon , and

for someinitial concentratiordis-
tribution . We remarkthat with theseboundary
conditionsmasss conseredandthatthe Ginzlurg+
Landaufreeenegy is aLyapune functional,i.e. we
have

— and —

Startingwith a randomperturbationof a constant
state , which hasvaluesin the unstableconcae

partof ,weobserethefollowing: In thebeginning

the chemicalenepy decreasesapidly whereaghe

gradientenepy increasesThisis dueto thefactthat
during phaseseparation attainsvalueswhich are
atlarge portionsof the domaincloseto the minima
of the chemicalenegy . Sinceregionsof differ-

entphasereseparatetly transitionzoneswith large

gradientf , thegradientenepgy increasesluring

phaseseparation.In the secondstageof the evolu-

tion ® theactualclusteringb whenthe structures
becomecoarserthetotal amountof transitionzones
decreasesCorrespondinglfhe amountof gradient
enegy becomesmalleragain.

3 Including Elasticity

Elasticstresseplay animportantrole duringphase
separatiorin mostalloys. Suchstressesirisefrom
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Figure4: Threetimestep®f aCahn-Hilliardprocess
includinganisotropicelasticity

anelasticenegy whichtakesinto accountelasticin-
teractionglueto differentcrystalstructuresThefree
enegy canbede®nedsa functionalof the con-
centration andthedisplacemen®eld , asfollows

The third term accountsfor an enegy con-
tributions due to elasticity We consider
linear elasticity and obtain
where
- . Here, isthepossibly
anisotropicelasticitytensorandtheterm isthe
stressfree strain at a concentration givenin the
simplestmodel by Id with a material
constant . Theproduct of two matrices
is de®nedo be

Thusthe resultingdiffusion equationintroducedin
Sec.2 hasto bemodi®edWe obtainfor thechemical
potential

(3.1)

where

is the stresgtensor Figure4 shaws threetimesteps
from a diffusion procesghattakesanisotropicelas-
ticity into account.

Sincetherelaxationinto mechanicaéquilibriumoc-
cursonatime scalethatis fastcomparedo thetime
scaleatwhich diffusiontakesplacewe assumejua-
sistaticequilibriumfor the deformation.Hence we
obtainthemechanicatquilibriumconditiondiv

4 A Multiscale Clustering Ap-
proach

Theaimof thissectionis to derive acontinuouslus-
teringmodelmainly on ow data.Motivatedby the
Cahn-Hilliardmodelfor phaseseparatiorandparti-
clecoarseningdcf. Section2), weintroduceacluster
mapping whichwill bethesolu-
tion of anappropriatesvolution problem. Thereby
time will sene asthe scaleparametefteadingfrom
®neclustergranularityto successiely coarserclus-
ters.For ®edtime ourde®nitiorof thesetof clus-
ters is foundedonthefunction by

This setsplitsup into theactualclusters

where are the connectedcomponentsof

Now we studytheevolution problemwhich controls
the quantity . We supposethis evolution to be a
suitableclusteringmodel,if for theinduced

thenumberof clusterggenericallydecreases
time,

the shapeof the clustercomponentsstrongly
correspond#o correlationsn the data®eld,

thevolumefractioncoveredby is approx-
imately constantin ,i. e. —— for

We pick up the physical Cahn-Hilliard model and
consideladoublewell separatiopotential and
de®nea separatiorenegy d with
enegy density . Underall  with
d consttheenegy  is minimalif
attainsonly thevalues . Thisleadsto abinary
decompositiorof the domaininto two parts,where
onepartcorrespond$o .

Theset however canhave mary con-
nectedcomponentsand may even be very unstruc-
tured.Furthermorehereis nomechanisnwhichen-
forcesa successie coarseningndthusa true mul-
tiscaleof clusters.Therefore we wantto introduce
a term penalizingthe occurrenceof mary discon-
nectectlustercomponentsvith highinterfacialarea.
Motivatedby theCahnzHilliardheoryof phasdran-
sition we choosea gradientenegy d
with localenegydensity thatpenalizesapidspa-
tial variationsof

In orderto have "exibility to choosean anisotropic
andinhomogeneougradientenegy, anappropriate
de®nitiorof aninterfacialenegy densityis givenby

where? © denoteghe scalarproductin , isa
scalingcoef®cientand is somesymmet-
ric positive de®nitematrix that may dependon the
spacevariableandotherquantitiesnvolved.

In thefollowing wewill calltheset
theinterface.Theorientationof theinterfacecanbe
describedby thenormalto theinterfacewhich,in the
casethat ,is givenby

Weremarkthattheinterfacebetweenhesetof posi-
tive and negative valuesof is perpendiculato

For Id all gradientsof andhence,all in-
terfacesare penalizedequally independenbf their
orientation. With respectto our clusteringinten-
tionwe considernanisotropienegy densitywhich



stronglydepend®ntheorientationof thelocalinter
faceandtherebyon thedirectionof

Letusassume tobesomevector®eldon
thedomain . Typically sucha®eldinducesa ow
on with streamlinewhich aresolutionof the or-
dinarydifferentialequation . Now, anatu-
ral clusteringshouldemphasiz¢he coherencalong
theinducedstreamlines Thus,crossstreamlinen-
terfaceshave to bepenalizedigni®canthpy thegra-
dientenegy. We choose

Id
whereld istheidentitymappingn andfor
given themapping is aco-
ordinaterotationwith . Sinceinter-

facesthat crossstreamlineshave to have largeren-
ergy we chooseapositve  with

Now we de®nedhe ®rstvariationof the enegy

whichis de®nedn by

We obtain div

Let usassumehatthe evolution of the clustermap-
ping is governedby diffusion wherethe corre-
sponding ux linearly depend®n the negative gra-
dientof the®rstvariationof enegy. As thesimplest
modelwe choose andendup with

thefollowing fourth orderparabolicproblem:

Findacontinuouslustermapping ,

sud that
(4.1)
div 4.2)
with boundaryconditions— — andpre-

scribedinitial data

This modi®edCahnzxHilliardequationcanbe inter-
pretedasthe gradient ow for the enegy
(see[15] for a discussiorof this factin the caseof
the standardCahnzHilliardequation).In particular
we immediatelyobtainthe Lyapuna property

(4.3)

This enegy decayis in fundamentakhccordanceo
thedesiredsuccessie patterncoarseningn theevo-
lution. After aninitial shortperiodof phasesepara-
tion it is mainly the interfacial enegy contrikution
which is successiely reduced. Furthermoreasin
the caseof the standardCahnzHilliardequationwe
obtainthat is constantn time, which
correspondto theapproximaterolumeconseration
of thegeneratedcaleof clustersets.

In generalt doesnotmale senseo considercertain
initial data,if no a priori informationon the clus-
teringis known. As initial data  we thuschoose

Figure 5: Continuousclusteringof a vector ®eld:
time evolution (upper row), effect of increasing
anisotropy (lowerrow). Thecomputations basedn
agrid of resolution

aconstantvalue  plussomesmall randomnoise.
Theconstant depend®nthevolumefraction of
thedomainlateronto becoveredby theclustersj.e.
by thesets . Thereforewe choose

Startingwith arandomperturbatiorof this constant
®rstvery rapidly clusterpatternswill grow without

ary prescribedocationand orientation. This is in

orderto decrease d which forces
the solutionto obtainvaluescloseto in mostof

thedomain . After this procesghe clustersorien-
tatethemselesin ananisotropiavayto decreaséhe
amounbf theanisotropigradienenegy . Inad-
dition, theclustethecomesoarseandcoarsedueto

thefactthatsmallerparticlesshrinkandlargerones
growv. We remarkthatin particularoneobseresthat
a large particlethatis surroundeddy smallerones
grow totheexpensef thesmallerones.Thisimplies

thatastime evolveslocally only the mainfeatureof

theclusterswill bekept.

Altogether we obtaina scale of clustermap-
pings and inducedcluster sets They repre-
senta successkly coarserepresentatiomf simu-
lation dataandcontinuouslyenhancecoherence
the underlyingsimulationdataset, wherethe clus-
terset will coveravolumeof approximatesize
. Asalreadymentionedthemultiscaleproperty
comesalongwith thedecayof theenegy (see

(4.3)).

To summarize the vector ®eldthat is to be repre-
sentedle®netheanisotroy of theenegy andthere-
fore governsthe diffusion processof Roughly
speakingthevector®elddeterminesn whichdirec-
tionaninterfacebetweerphasessrelatively °cheap®
(fromanenegy pointof view). Astheenepgyismin-
imizedduringtheevolutiontheinterfaceswill move
in suchawaythattherearemostly°cheap®interfaces
(i.e.interfacesvhere  isroughlyperpendiculato

, which meanghattheinterfaceis roughlyparallel
to ). Sofor ary particlemostof its boundarywill
be alignedwith the vector®eld . If nottoo large,
theparticlesthemseleswill bealignedto thevector
®eld.Fig. 5 shaws theresultof this processandthe
in uenceof increasinganisotroy in the surfaceen-
emgy term.



Figure6: Vector®eldvisualizationwith controlon particleshapgdifferenttime scales)

5 Control of Particle Shape

The resultspresentedn Fig. 5 are quite similar to
thevarious ow texture methodsknown in theliter-
ature[5, 2, 29, 7, 21]. Given a goodscalechoice,
suchimagescould be usedon their own to give in-
sightin a2D ow ®eld.However, suchimagescon-
vey only the orientation,but not alsothe direction,
of a ow ®eld. This limitation hasbeenrecognized
by Wegenkittletal [26], who have presentedeveral
methodsto emphasizalirectionin LIC algorithms.
One methodto corvey directionalinformation via
iconi®cationis further presentedn Sec.8. In this
section,we discussan alternatve methodthatadds
directionalinformationdirectly into the continuous
clusteringmodel.

Our aim is to createinterfacesthat areasymmetric
with respecto the ow ®elds direction. We divide
suchaninterfaceinto two regions,dependingnthe
anglebetweertheinterfaces surfacenormalandthe
“ow ®eld,i.e. thequantity — (seealsoFig. 7).
In thefronthalf, de®nedby — , theenepgy
is asdescribedn the previous section. In the back
half, de®nedy — , we de®nean addi-
tional shapesnegy term  asafunctionof thean-
gle betweerthelocalgradient  andthe ow ®eld

Figure7: Controlof particleshape

Thecoef®cient de®negheimportanceof thisaddi-
tionalshapeesnegy  intheglobalenepy, thusthe
intensityof this effectin the®nalvisualization.The
shapeenegy penalizeghusonly the backhalvesof

theclustersdecreasinghevalueof in theseareas.
Indeedtheclustergry to avoid backsidesvhosenor-

malspointin theupwinddirection. If thefunction

is directly visualizedby a color plot, the perceved

effect suggestsiropsof "uid transportedy the un-

derlyingvector®eld . Figure8 shavsthiseffectfor

vector field

Figure8: Constanvector®eld singleparticle(left).
Circularvector®eld(right)

Figure9: Controlof particleshape Overview image
(left) andclose-upmage(right)

a single,respectiely several particles,in a circular
vector®eld.

Figure 6 shaws several time stepsin the visualiza-
tionof amorecomplex ow ®eld.Figure9illustrates
the effect of the additionalenegy term on the
particleshapeby shaving a close-upfor atimestep
of the above sequence.  The abore imagesare
similar to the furlike texturesfor "ow visualization
presentedn [16]: the ow ®elds directionis sug-
gestedythefadingawayofthe'tail' of theparticles.
However, whereaghecitedmethodgeneratesharp,
arrav-shapedarticlesthatpointin the directionof

the ow ®eld,we generatélunt, drop-like particles
thatpointin the oppositedirection.

Correspondingo the above additionalenegy term,
the ®rstvariationof theenegy  + which we have
to build into our diffusion problemz is nov de®ned

by:
div div

where



Figure 10: Effect of anisotropicelasticity Early
timestep(left); latetimestep(right)

6 Stress-Driven Diffusion

Now, let us discussthe extensionof our cluster
ing model basedon elastic stresses. We choose
ananisotropielasticitywhichis stronglycorrelated
with the ow ®eld. Hencewe de®nea modi®ed
strain

acorrespondinglynodi®edstress:

andtheappropriatanodi®ectlasticenegy:

Againtherotation isusedotransformthe ow
alignedcoordinatesystemto the canonicalcoordi-
nateframe. With themodi®cationpresente@bove,
theelasticitytensoris de®nedn suchaway thatthe
“ow directionis the preferredstretchingdirection.

Incorporatinganisotropicelasticityleadsto interest-
ing imagesalreadyin the early clusteringstages.
Theseimagesare relatedto the shearzonesof the

“ow ®eld. For later times, the resultingclustering
triesto avoid thecrossingof highshearregions. Fig-

urelOillustrategheabove effectsfor thevector®eld
discussedn Sec.5.

It is sometimescorvenientto choose -dependent
elasticitytensors in suchawaythattheparticles
have largerelasticityconstantsi.e. the particlesare
harderthanthe surroundingmatrix. In this setting,
alreadyin caseof anisotropicelasticityindependent
onavector®eld werecognizesigni®canthancesn
thebehaiour of ourmethod:theclusterdistribution
tendsto bemoreuniform. Furthermoreindependent
of theinitial volumefraction,it is alwaysthe harder
phasewhich forms the clusters,whereashe softer
phasebuilds the surroundingmatrix. In conclusion,
elasticitycanbeusedfor two goals.First,it canpro-
duceclusterbasedvisualizationof sheatayertype
data.Secondlyit canbeusedasa globalcontrolfor
theclustersizedistribution.

7 Discretization of the Diffusion
Problem

In what follows we brie'y discussthe discretiza-
tionandimplementatiorof theevolutionproblemfor

the clustermapping andthe setof clusters

For this purposea ®nite elementdiscretizationin

spaceandsomediscreteschemen time areconsid-
ered. Here,uppercaséettersdenotediscretequan-
tities which correspondo continuousquantitiesin

lowercasdetters.Hencewe consideanappropriate
continuousvariationalformulationfor (4.1), (4.2),

givenby

which shallhold for all , Where
denoteshe productonthedomain . Fora®nite
elementimplementatiorwe now replacethe contin-
uoussolutionandtestfunctionsin this formulation
by discreteapproximationdn some®nite element
space. Here we have restrictedourselhes to ®nite
elementson regular adaptve grids in 2D and
3D generatedy recursve subdvision of elements

. Onthesegrids we considerthe bilinear, respec-
tively trilinear ®niteelementspaces  for the ap-
proximationof and on . Numericalintegration
of the  productsis basedon the lumpedmasses
product [24]. Furthermoreve considera cen-
ter of massquadraturerule for the bilinear forms

and . Especiallywereplace
by the piecavise constandiffusiontensor , with
,Where istheelements centerof

mass.

For thediscretizatiorin time we have takeninto ac-
counttwo possibilities: a ®rstorderimplicit Euler
schemeanda secondorder *splittingschemgsee
Bristeauet al. [1] andM@&ler Urbaniak[14]). Both
areknown to be strongly Atstable. While we can
provetheenegy decayproperty(4.3)for theimplicit
Euler schemewe usethe zsplitting for practical
computationgsit allows largertime steps.

In the caseof the implicit Euler schemethe time
derwative is discretizedby

where is theselectedime stepand
anapproximatiorof . A brief introductionto
themorecomplicated tsplittingcanbefoundin the
appendix.

Finally, we canderive a fully discretescheme.For
the®hat shapedultilinearbasisfunctions  and
thediscretepiecavise constananisotropiaiffusion
matrix  we de®nédy

the diagonallumpedmassandthe anisotropicstiff-
nessmatrix respectrely andby Id the
standardtiffnessmatrix. Thesegglobalmatrices

,and areassembleth agrid traversalcol-
lectingthecontritutionsonall localgrid elementsas
it is standardn ®niteelementpprogrammind4].



If we indicate by a bar coef®cientvectorscorre-
spondingto ®nite elementfunctionsin the basis
, we obtainthe backward Eulerdiscretization

with , Where istheinterpolationon
grid . By olviousnotation is
thevectorof nodalwisederivativesof

In eachstepof thediscretesvolutionwehaveto solve
thissystenof nonlinearequationsin orderto dothis
we applysomeNewtonschemaevhichtypically con-
vergesin afew stepsif we considemoderateime
stepsandpick uptheold solutionattheold time step
astheinitial guesdor the nentoniteration.

Theef®cieny of ourapproactis furtherincreasedy
anadaptve grid re®nemenrdndcoarseningtratey.
Here,we useda heuristicstratgy which re®nesn
interfacialregionsandcoarsengn the purephases.

In thecaseof theimplicit Eulerschemeit is possible
to prove discretecounterpartef the massconsera-
tion andenegy decayproperties). e.

d d

and

is nonincreasing(discreteLyapune property)and
thusgivesreasorfor thediscretemultiscaleproperty
of our method

Consideringin addition eitherthe directionalterm

whichallowscontrolof theparticleshapeor theelas-
tic stresstermin the discretepotentialwe proceed
analogouslyo thebasicmodel. Exceptin theelastic-
ity casewherewe have to couplethediffusionequa-
tion with the balancdaw for the elasticity For de-

tailswe referto [8].

8 Iconic Representation of the
Clusters

The clusteringmethoddescribedn Section4 pro-
ducesclusterswhich emphasizethe spatial coher
encein the data. In what follows concerningthe
iconic representationve focusto the caseof ow
data. Neverthelesghis expositionmightinspirethe
readerto think of different applicationsalong the
sameguidelines. For "ow data, clusterinterfaces
tendto be tangentto the streamlinesof the under
lying vector®eld,sothe clusters'shapegorvey lo-
calinsightin thevector®elddirection. Onthe other
hand thephysicalphaseseparatioomodelpresented
in sectior? produceslustersvhichtendto beevenly
distributedover thedomainof interest .

Consequentlysuchclusterscouldbe usedasa start-
ing pointfor producinga simpli®edvisualizationof
thestructureof the underlyingvector®eld.For this,
we proposeo reduceeachclusterto onecurved ar-
row icon. For every cluster thesizeandspatialposi-
tion of theicon shouldre ect the sizeof the cluster
whereaghe curvatureandarrav directionshouldbe
relatedto the vector®eldinsidethe respectie clus-
ter. We have chosento usethe curved arrav icons
asthey corvey severalinformationlevelsin a sim-
ple, easyto understanananne23], ascomparedo
other moreabstracicons.

The iconic visualization pipeline based on the

multiscaleclusteringproceedsas follows (seealso
Figs.11 and13). First, the clusters areextracted
from the Cahn-Hilliardequationsolution . Next,

the skeletonsof the clustersare computedas sets
of discretepoints, asshavn furtherin section8.2.

Next, the centerpointsof the skeletonsaredetected
andusedto constructthe curved arrows by stream-
line tracing,asdiscussedn section8.4. Thereason
why we usesuchanapparentlicomplicatednethod
is, that typically the clustersare large thin often

cuned structuresand streamlinetracing is rather
sensitve with respectto the choice of the starting
point. The restof this sectionexplainsthe several

stepsin detail.

8.1 Cluster Extraction

First we extractthe clusters from the scalar®eld

. Forthis,we classifyall thecellsof thediscretiza-
tion of the®eld asclusteroutside porderorinside
cells,basedon the sign of . Moreover, all bor-
derandinsidecellsbelongingto a given clusterare
labelledby theclustersID aspresentedby e.g. Wal-
sumetal. in [18].

8.2 Skeletonization

Inthesecondstep clustersarereducedo theirskele-
tons By skeletonwe understanthereasetof points
which, if connectedproducea 'spine' which con-
veys the shapenformationof the original clusterin
acompactimanner

Therearenumerousskeletonizatioralgorithms[11,
13]. However, mary suchalgorithmsproduceskele-
tonswith comple, tree-like topologies. As we in-
tend hereto usethe skeletonsonly to producethe
arraw icons,we prefersimple,polyline-like topolo-
gies.

To producesuchskeletonswe useadiscretemethod
basedn the eikonal equation22]. Givenabound-
ary curne in two dimensiongor a boundarysur
face,in 3D) anda function , suchthat on
, the eikonal equationis . If weregard
asbeingthe level set(e.g. isoline or isosurfce)
of thefunction , the abore equationdescribeghe
evolutionin timeof in normaldirectionto , with
constanspeedequalto 1. In our case, coincides
with the previously detectectlusterboundaries.
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Figurell: Pipelinefor iconic clustervisualization

flag all points as Known, Trial or Far ;

for all Trial points P
insert P in narrowband;

while narrowband not empty
A = point with smallest T in narrowband;
remove A from narrowband;
flag A as Known;

for all neighbors N of A
if N is Far

add N to narrowband;
flag N as Trial;

if A has no Trial neighbors
flag A as Extremum;
else
for all Trial neighbors N of A
recompute T at N by solving the eikonal equation;

Figure12: Fastmarchingmethodpseudocode

Aspresentethy Sethiar[22], wediscretizaheabore
equationon the samegrid usedto solve the Cahn-
Hilliard equationasfollows (for the2D case):

(8.1)
wherethe  denoteghe currentgrid point andthe
operators and denoteheforwardandback-

warddifferencest thatgrid point. Ona 2D regular
grid of cellsize wehave and

, andsimilarly for the axis.

Equation(8.1)canbeiteratively solvedfor everygrid
point, until the solution  converges. However, we
usethe more ef®cientfastmarchingmethod,asde-
scribedin [22]. Thefastmarchingmethodproceeds
by ®rsttaggingall grid pointsaseitherKnown (for
thepointson with known value ), Trial (all
pointsthatareonegrid pointawayfrom ), andFar,
for all otherpoints.

Thealgorithm(Fig. 12) constructghe solution
eratively from theinitially Knownpointswith
ontheboundary . At eachstep,the solution is
constructedrom the point with the smallestcom-
puted value,by steppingaway from theboundary
in a downwind direction. Whena local extremum
pointof is encounteredwe freezethatpointand
addit to theskeleton. Theboundaryis thusmarched
inwardsuntil it collapsesnto a singleline, namely
the skeletonpointsof thecluster .

it-

To implementthe algorithm ef®ciently we use a
heapstructurenarrowbandto maintainthe set of
Trial points. The heapis maintainedsortedin as-
cendingorderonthevalueof . Findingthe Trial
pointwith thesmallest valuein narrowbandsthus
. Insertinganew pointin theheapis
in the worst casefor a heapof  points. Overall,
thefastmarchingmethods in theworst
casefor agridof  points[22]. Practically ourim-
plementatiorof the above algorithmcompletesn a
few second®n gridsof around100,000cellson an
SGI02R5500machine.

8.3 Reconnection and Center Detec-
tion

The skeletonizationproducesa set of usually dis-
joint skeletonpoints(Fig. 13). The reasonfor this
is that the inwards marchingof the boundaryde-
scribedin the previoussectionis accuratenly upto
the sizeof a grid cell. However, the desiredskele-
ton shouldbe exactly onegrid cell thick. By look-
ing atthe extractedskeletons we estimatecempiri-
cally thatabouttenpercenof theskeletonpointsare
notextractedby thefastmarchingmethod.To reme-
diate this problem,we reconnecthe extracteddis-
joint pointsin a postprocessingtepbasednaclos-
estpointstratgy in orderto producea polyline. For
every cluster wethencomputethecenterof its poly-
line anduseit in the next stepof the pipeline.

8.4 Icon Construction

From the skeletoncentersdetectedn the previous
step,streamlinesaretracedin the vector®elduntil

they reachthe bordersof the clusterswithin which

they evolve. Next, curvedarrov geometriesirecon-
structedaroundheextractedstreamlinesFinallywe
discussthe applicationof the continuousclustering
methodandthe associatedurved arrov visualiza-
tion to variousvector®elds.

Theleftmostimagein Fig. 13shavsasolution
of the Cahn-Hilliard processdriven by a 3-vortex
vector®eldona 2D grid.

The thresholdingof the continuoussignal into
clusterdgs shavnin thesecondmageof Fig. 13. The
clustersoverlaid with the extractedskeletonpoints
areshawvn in thethird imageof Fig. 13. Theright-
mostimagein Fig. 13visualizeghevector®eldwith



Figure13: Clusteringpipeline,from left to right: diffusionsolution,clusters skeletonpoints,curvedarrow vi-

sualization.Theunderlyinggrid is of size

Figurel4: Fromleft to right: theresultsof two suc-
cessie time stepsof the clusteringevolution with
correspondingcons.

Figurel5: Two differentconvective vector®eldsare
depictedby the clusteringmethod.Ontheleft a®ne
representatioiis shavn, whereason theright a re-
sultingcoarserepresentatiois depicted.

streamline-baseidons. Thecurvedarrows, initiated
from theskeletoncenterslepictedassmallballs,are
clippedby thebordersf theclustersnto whichthey
evolve.

A similar visualizationis shavn, for two different
clusteringtime instants,in Fig. 14. The multiscale
featureof theclusterings visible in thereductionof
the arrov count. An enhancementf the proposed
curved arrow visualizationis shavn in Fig. 15 by
theadditionof aspotnoisetexturedbackgroundFi-
nally, Fig. 16 shavstheproposednethodappliedon
acircular2D vortex.

9 Discussion

In this section,we comparethe presentedtontinu-
ous clusteringmethodwith the discreteclustering
methodpresentedn [23]. Similarly to the method
presentechere, discreteclusteringbuilds a vector

Figure 16: Visualizationof a circular ow ®eldby
theclusteringmethod.

Figurel7: A 3D vector®elds visualizedby theclus-
teringmethod

®eld multiscale representatiorby meging neigh-

bouringcells with similar vectorvalues. The time

parameteiof the Cahn-Hilliard equationis equia-

lentwith theiterationcountin thebottom-updiscrete
clustermemging. The continuousclusteringmethod
delivers a continuousscaleof successiely coarser
clustersets.In contrastdiscreteclusteringproceeds
in distinct steps,wheretwo clustersare meiged at

eachstep.

Figure 18 shaws the discreteclusteringof the two
vector®eldsdiscussedn the previous section. Re-
gardingtheclustershapesthe continuouslustering
explicitly constrainghe shapevia the minimization
of the interfacial enepy, in orderto obtainvector
aligned smooth-shapedusters.In contrastthedis-
creteclusteringdoesnotconstrairtheclustershapes
in ary mannerassuminghattheirgrowth to a'natu-
ral' partitionof thevector®eldcanbegovernedonly
by theinter-clustersimilarity function. Thiscanlead
however to 'badly' shapede.gthin andlong) clus-
ters, which are hardto represenby curved arrov



Figure 18: Discreteclusteringof a 3-vortex ®eld
(left) anda circularvortex ®eld(right).

Figure19: Simpleballimage(left) andbrush+stro&
representatiofright)

icons. In this respectwe seethe controlling of the
clustershapén thecontinuouslusteringmethodas
an advantage. However, discreteclusteringalways
meigesthe two mostresemblingclusters sothein-
trinsic symmetryof the underlyingvector ®eldre-
mainsvisible in the clustering(see[23] for details).
This may be seenas an adwantageof the discrete
clusteringmethod,seeFig. 18. Finally, the shapes
producedby the continuousclusteringare not con-
strainedo simplecorvex onesasin themethodpre-
sentedy Hecleletal[9]. Wehaveappliedthecon-
tinuousclusteringmethodalsoto thevisualizatiorof
3D ®elds Fig.17shavsthevisualizatiorof a3D cir-
cularvortex ®eldfrom two differentviewpoints. The
producedarrow iconsillustratethe clusteringof the
datain the centerof the domain,wherethe ow is
dominatedby a vertical swirling motion,andalong
the domains boundary wherethe ow mainly ro-
tatesin horizontalplanes.

Finally we presentinapplicatiorof ourapproactior
2D imageprocessingwherewe generate scaleof
brushstrole typerepresentationsf a greyscaleim-
age.Weconsidetheintensityof animageasascalar
function . If weintendto releasebrush
strokesalongregionsof homogeneousaluesof the
scalarquantity , we needto enegeticallyfavourin-
terfaceswhich have atangentspacedocally perpen-
dicularto . Hence,we choosea corresponding
quadratidorm with

Id

wherefor given the mapping
is againa coordinaterotationwith
,and . Figurel9shavstheapplication
of out methodon a simpleball imagein which the
imagegradientvariessmoothly  However, when
theimageis morecomple, it is harderto recognize

Figure20: Multiscalebrushzxstro&representationf
agreyscaleMonalisaimage.

the original imagefeaturesn the processedmages
(cf. Fig. 20).

10 Conclusions

We have presentedh new multiscaleclusteringap-

proachwhich is basedon a continuousmodel for

clusteringon scienti®alata. The approactis moti-

vatedby well-known physicalclusteringmodelsde-

scribingthephaseseparatiomndcoarseningrocess
in metalalloys. As a casestudywe focusedon the

clusteringof ow ®elds Futureresearclrouldbedi-

rectedto

the improvementof the performanceof the
methodwith respecto computingtime, where
parallelizatioror implementatiorof theunder
lying diffusionin texture hardware may help
to overcomethe computationabottleneck(the
clusteringprocesstakes = dependingon the
sizeandresolutionof the data+ from several
minutesupto acoupleof hourson afastwork-
station),

the constructiorof furtherappropriaténterfa-
cial enegiesfor differentapplications,

a detailedclassi®cationf the skeletonshapes
andtheselectionof appropriatécons,e.g. for
saddlepointsor vorticesin ow ®elds.

Appendix

Herewe brie'y outlinetheimplementatiorof the -
splitting scheme. Due to its strong stability prop-
ertiesit allows much larger timestepsschemeand
we have usedit in thecurrentimplementatiorof our
clusteringmodel. The schemalividesary time step
in threesubstepgseeFigure21). In eachsubstefhe



linearoperatoiis split up into two partswith coef®-
cients and respectrely, oneof whichis taken
implicitly theotherexplicitly. Thenonlineartermis
takenimplicitly in themiddle substemnly.

T
th tatqt

| |
I T
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Figure21: +splitting,subdvision of time steps

For the parameter , and
theschemeeadsasfollows:
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