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Fig. 1: A turbulent river simulated with 94K/s fluid particles flows around a hemisphere using IISPH [17] (top row) and our
method (bottom row). Note that abundant turbulence details are generated with our approach.

Abstract We propose a novel turbulence refinement method
based on the Rankine vortex model for SPH (smoothed parti-
cle hydrodynamics) simulations. Surface details are enhanced
by recovering the energy lost due to the lack of the rotation of
SPH particles. The Rankine vortex model is used to convert
the diffused and stretched angular kinetic energy of particles
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to the linear kinetic energy of their neighbours. In previous
vorticity-based refinement methods, adding more energy than
required by the viscous damping effect leads to instability.
In contrast, our model naturally prevents the positive feed-
back effect between the velocity and vorticity fields since
the vortex model is designed to alter the velocity without
introducing external sources. Experimental results show that
our method can recover missing high-frequency details real-
istically and maintain convergence in both static and highly
dynamic scenarios.

Keywords Fluid simulation · vortex model · turbulence ·
smoothed particle hydrodynamics
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1 Introduction

As one of the most popular approaches to simulating fluids
in computer graphics and virtual reality, smoothed particle
hydrodynamics (SPH) has been widely used to generate fluid
animations with lively details and vivid motions. Although
many novel models for animating various materials and en-
forcing incompressibility have been proposed, much work
remains to be done to achieve and enhance realistic visual
effects of complex phenomena. For example, simulating tur-
bulent details is still elusive due to numerical dissipation [12]
or coarse sampling of grids [20].

The up-res and vortex-based methods have been used
to increase the resolution of turbulent fluids. The up-res
method is commonly used in Eulerian simulations, using
coarse grids for the simulation and increasing resolution via
fine turbulence models [21, 31]. Vortex-based methods aim
to create and preserve turbulence through the vorticity field,
which includes the vorticity confinement and Lagrangian
vortex methods. The vorticity confinement (VC) method re-
covers existing vortices and enhances them by adding an
extra force [11, 24]. However, the VC method tends to add
more energy than the fluid dissipates, and only existing vor-
tices can be amplified. The Lagrangian vortex (LV) method
builds on the vorticity representation of the Navier-Stokes
equations [2,33,34]. Their results show that LV method does
not work well in scenarios involving liquids, even ones where
there is a great possibility to generate visible vortex structures.
Finally, the up-res method usually acts as a post processing
step and thus does not address the dissipation issue directly.

To solve the problems mentioned above, we utilise the
vorticity field to approximate angular velocity of particles
and feed it back to the velocity field using the Rankine vortex
model. In the ideal setting of the SPH approach, particles
used to discretise space are small enough so the dissipation
of the angular kinetic energy can be safely ignored, without
affecting the overall performance. However, when high effi-
ciency is desired and the particle size is comparatively larger,
the inertia tensor absent from the equation will result in se-
vere numerical dissipation. Therefore, restoring the missing
angular velocity and converting it into linear velocity is an
intuitive way to compensate the effect.

To restore high-frequency details, we investigate the rela-
tionship between vorticity and angular velocity, and estimate
the rotation of the particles through the curl of linear velocity.
Although previous methods have attempted to incorporate
vorticity into velocity calculations, the introduced positive
feedback tends to be too strong in the simulation. When ex-
cessive energy is added, it makes simulations easily reach
unstable states. This is because the space-time discretisations
of SPH often fail to satisfy the conditions of the continuous
physical refinement theory. Existing methods thus mistak-

enly introduce external pressure sources into the simulation,
producing additional turbulence rather than recovering it.

In order to purely recover missing details, the vorticity
field should remain the same after feedback. As a result,
external sources should not be involved, as they could also
eliminate the positive feedback. Through a vortex algebraic
profile, the induced velocity can be represented by a con-
stant viscous core or a diffusive core which grows with time.
The simplest depiction of a viscous vortex is the Rankine
model [35], which exhibits key features of a viscous core.
Therefore, we regard each particle as the rigid core of a
Rankine vortex, and refine the linear velocity of a particle’s
neighbours inversely proportional to the distance between
them. As the velocity of the centre in a Rankine vortex is
extremely large, the shear makes the viscous core rotate like
a rigid body.

Our method takes the fluid dynamic interpretation of tur-
bulence into account. Turbulence and vortex effects can thus
be restored without producing unstable results; see Fig. 1. By
introducing an adjustable parameter, users are able to control
the roughness of the flow. Compared with the state-of-the-art
turbulence methods, our method is especially good at han-
dling violent fluids with high stability. Because our method
does not introduce external sources into the simulation, its
results are natural; see Figs. 2 and 3. The main contributions
of our method are:

– A new particle-based turbulence simulation scheme that
effectively alleviates numerical dissipation by deriving
linear velocity from missing angular velocity;

– A viscous model for vortex flows that creates additional
turbulence which can be controlled using a parameter
without adding extra energy;

– An upgrade to the traditional SPH fluid framework with
turbulence refinement, which can be simply integrated
into other particle-based methods and fluid solvers.

The remainder of the paper is organised as follows. Sec-
tion 2 reviews related work and Section 3 recalls the SPH
method. Our vortex refinement approach is introduced in
Section 4. Our experiments and results are presented and dis-
cussed in Section 5. The paper is then concluded in Section 6.

2 Related work

Fluid simulation [22] is a hot topic in computer graphics
and virtual reality, largely due to the pioneering work by
Jos Stam in 1999 [39], but also due to high demand by the
entertainment industry. Over the last years, turbulent and
detailed fluid simulation has become ever so popular. In this
section, we discuss related work concerning the SPH, up-res,
and vortex-based methods.
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IISPH [17] Our method

Fig. 2: Leaking water using IISPH (left) and our method (right), both using 1.4M fluid particles. Our method exhibits more
vortex details and produces more realistic fluid shapes than IISPH.

2.1 SPH-based fluid simulation

There are two main approaches in fluid simulation: Lagrangian
methods and Eulerian methods. The main difference between
them is the discretisation method of space. As a grid-based
approach, Eulerian methods can achieve a simpler flow field
representation [13]. When the grid resolution is higher, higher
resolution results can be obtained. However, these methods
are limited to a fixed grid and thus find it difficult to express
rich deformations of fluids. As a particle-based approach,
Lagrangian methods are able to simulate fluids with large
deformations accurately and efficiently [25].

The SPH method is a typical Lagrangian method, which
was first proposed in the field of astrophysics [27]. In 2003,
Müller et al. [30] introduced this idea to the fluid simulation
community by using the ideal gas state equation with surface
tension and viscosity forces. In order to enhance the simu-
lation results, Becker and Teschner [3] proposed a weakly
compressible SPH method by using the Tait equation. Solen-
thaler and Pajarola [38] proposed a new scheme for efficiency
and incompressibility by improving pressure calculations.
Ihmsen et al. [17] then proposed to apply an implicit method
to obtain a more accurate velocity field. Recently, Bender
and Koschier [4] proposed to add an additional constraint to
further improve the incompressibility and the accuracy of the
calculation. An overview of SPH-based fluid simulations can
be found in the reports of Ihmsen et al. [18] and Koschier et
al. [22]. To date, the general simulation of fluids has been
successfully and realistically represented by the SPH method
and its variants. Nevertheless, a high demand for enhanced
fluid simulations still exists, such as those able to capture
detailed turbulence.

2.2 The up-res method

The up-res method is a simple and efficient method to enrich
the apparent resolution of flow fields [42]. Its main idea is to
up-sample under a coarse discretisation.

The traditional up-res method: As a representative of
Lagrangian methods, Shao et al. [37] ran a high-resolution
simulation over a Rankine surface based on the velocity
field. Mercier et al. [28] proposed a post-process method by
adding entirely new dynamics, named wave simulation, to
the tracked surface [43, 51]. These two methods could be
used together to obtain a richer simulation result.

Among Eulerian methods, the velocity field [31] was used
to derive high-resolution surface movement. Edwards and
Bridson [10] combined the adaptive discontinuous Galerkin
method with surface meshes, which retains much of the data
structure simplicity of regular grids.

Machine learning approaches: Recently, machine learn-
ing has been introduced to synthesise turbulence of fluids [6,
36]. Machine learning methods greatly speed up the simula-
tion process, and the simulation resolution is the same as with
traditional methods, but a huge amount of time is required
for network training. In addition, machine learning methods
are well suited for Eulerian methods as the flow field is dis-
cretised with a uniform, high-resolution grid. However, it is
very difficult to combine machine learning with Lagrangian
methods due to the unstructured nature of the data.

2.3 Vortex-based methods

Vortex-based methods aim to create and preserve turbulence
by adding a vorticity field. They can be split into three main
categories: vorticity confinement, Lagrangian vortex methods
and the vortex particle method.

Vorticity confinement: This method was first proposed
in the field of Computational Fluid Dynamics (CFD) [40]
and was introduced to computer graphics by Fedkiw et al. in
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DFSPH [4]

MPSPH [5] (using the default value νt = 0.05)

Our method (using the default value β = 1)

Fig. 3: A stirring water experiment with 1.48M fluid particles using DFSPH (top row), MPSPH (middle row) and our method
(bottom row). The stick stirs the water (first to third columns), and then the stick is removed (last column). When the stick
starts to stir the fluid, our method can effectively model the waves. In contrast, MPSPH does not produce stable results (red
regions). Our method produces a nicely organised and vibrant effects, such as when the fluid hits the wall (yellow region).

2001 [11]. Existing vortices were enhanced by adding a new
force, which is applied to the velocity field. In 2010, Zhu et
al. [54] proposed to combine vorticity confinement with SPH
by using a high-resolution overlapping grid. This method can
create and preserve turbulence at solid boundaries. However,
vorticity confinement can only enhance existing vortices.

Lagrangian vortex methods: These methods can be im-
plemented using surfaces, sheets, filaments or particles. They
are naturally divergence-free and inherently immune to nu-
merical dissipation. The vortex sheet method was first pro-
posed in the field of (CFD) [41]. In 2010, Weißmann and
Pinkall [49] introduced this method to smoke simulation. In
2014, Weißmann et al. [50] proposed a filament-based com-
putation method to represent the vortices in the flow field.
Eberhardt et al. [9] improved this method by adding an al-
gorithm to automatically extract a set of hierarchical vortex
filaments. However, this method tends to be inaccurate due to
the vortex field being represented by a very limited number
of filaments.

The vortex particle method: This method is suitable for
particle-based fluid simulations. In 2015, Zhang et al. [52]
proposed a hybrid vorticity and velocity advection scheme
to reduce numerical dissipation. However, this method does
well only in smoke simulations, and is not suitable for liquids.

In 2018, Bender et al. [5] proposed a unified particle method,
called the micropolar SPH (MPSPH) method, to simulate
turbulent fluids with impressive results. Our method can be
regarded as a vortex particle method.

Our method: To restore the energy that dissipates dur-
ing SPH simulations due to discretisations, many efforts
have been made to apply the curl of velocity to capture
it accurately [15]. However, such methods are not suitable
enough for SPH because of the excessive positive feedback
between the two fields, causing numerical instability. Mathe-
maticians and physicists have proposed many intricate mod-
els for describing high-resolution fluid motions [8]. A com-
plete description of vortices demands the solution of the full
Navier-Stokes equations, to which an analytical solution is
impossible. By simplifying the governing equations, several
empirical models have been proposed [44, 45]. Through a
desingularised algebraic profile, the induced velocity can be
represented by a constant viscous core or a diffusive core
growing with time. The simplest depiction of a viscous vortex
is the Rankine model [35], which is exactly what we use.

A Rankine vortex has no circulation (i.e., the line inte-
gral of the velocity field) along any closed contour that does
not enclose the vortex axis. It rather has a fixed value for
any contour which includes the axis [7]. The Kaufmann vor-
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DFSPH MPSPH Our method

Fig. 4: A comparison of vorticity in 2D on two frames (see the supplementary material for the full video). We use the
magnitude of the vorticity of the particles in the visualization. Blue corresponds to no vorticity and red to large vorticity. The
fluid flows around a pillar (semi-disk; blue area to the left) from left to right. This contrasts the vorticity among DFSPH, the
MP solver, and our VR method.

tex [19] avoids the singular nature of the Rankine model.
Lamb [23] and Oseen [32] then proposed a model to de-
scribe one-dimensional Navier-Stokes equations. Vatistas et
al. [45] successfully found an algebraic way to represent the
Lamb-Oseen model. We apply the Rankine vortex model
to recover the energy lost in rotational degrees of freedom
(DOFs). The time-varying viscous core in the Lamb-Oseen
vortex model further proves that the Rankine vortex model is
fully applicable to the SPH approach, as we detail below.

3 Smoothed particle hydrodynamics in fluid dynamics

SPH is a computational method for simulating continua such
as fluids, although it was proposed initially to attack problems
in the field of astrophysics [14, 27].

In SPH, the fluid is divided into a set of discrete, mov-
ing particles whose Lagrangian properties enable the linear
velocity of the particle with index i to be given as

vi =
dxi

dt
, (1)

where xi is the position of the i-th particle, and dt is the
time-step used in the simulation.

Interaction between particles happens through a user-
defined kernel function W with a specific smoothing length
h. By summing up all the properties within the supporting
radius of the smoothing kernel, all physical quantities of
particles are obtained using W . An arbitrary field A can thus
be expressed as:

A(x) = ∑
j

m j
A j

ρ j
W (‖x−x j‖,h), (2)

where j iterates over all neighbour particles with m j the mass
and ρ j the density of the j-th particle. By setting A as ρ , the

density at location xi is

ρ(xi) = ∑
j

m jW. (3)

For evaluating the derivatives of a field quantity A, the gradi-
ent of A using SPH is simply

∇A(x) = ∑
j

m j
A j

ρ j
∇W (‖x−x j‖,h). (4)

The Navier-Stokes equations for the Lagrangian case can be
written as:

dv
dt

=− 1
ρ

∇p+g+ν∇
2v, (5)

where g represents gravity and ν is the kinematic viscosity
coefficient (we use ν = 0.05 and artificial viscosity [29] in
our implementation). To obtain the linear velocity from the
acceleration and the time-step accurately, we employ an SPH
symplectic integrator, namely the leapfrog scheme [22].

4 Vorticity refinement

In traditional SPH simulations, the forces affecting particles
are the pressure force, gravity and viscosity, and used to en-
sure stability and incompressibility. To further capture the
dynamics of the fluid, viscosity is often taken into account
only when the relative velocities between particles are less
than 90 degrees apart in direction. However, spacial discreti-
sation for fluid simulation introduces macro-angular velocity
for particles, and shear is not considered to affect the linear
velocity field, which leads to a loss in dynamic performance,
especially for turbulence effects.
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MPSPH [5]

Our method

Fig. 5: Four blocks falling into water, one by one, with 1.08M fluid particles using MPSPH and our method. This simulation
comparison shows the superiority of our method over MPSPH. Our method maintains energy convergence (see the last
column) while recovering turbulence (second to fourth columns).

Ω Ω

Ω

Fig. 6: A two-dimensional disk spinning around its centre of
mass with an angular velocity of Ω . On the right, the disk is
discretised into small particles for an SPH approach. How-
ever, traditional SPH approaches neglect the self-spinning of
these particles, which leads to numerical dissipation.

4.1 Numerical dissipation in SPH

Striking a balance between efficiency and accuracy has al-
ways been an important issue in fluid simulations. To prevent
the loss of rotational kinetic energy when pursuing efficiency,
we add angular velocity as a three-dimensional attribute to
each fluid particle, through which the missing rotational ki-
netic energy can be restored. Moreover, high frequency de-
tails can be recovered by the refinement of linear velocity
from angular velocity. This is shown in Fig. 6, where each
particle in the flow is regarded as a single vortex.

Many vortex models have been recently produced to anal-
yse swirl, axial, and radial components of the velocity in-
duced by a viscous trailing tip vortex. In this paper, we incor-
porate tangential viscosity from angular velocity, and thus
vortex models are ideal to capture the required rotational in-
fluence. To recover the kinetic energy lost in rotational DOFs
due to spacial discretisation, we apply the Rankine vortex
model and an adjustable viscous core to utilise the change of

angular velocity of every particle at each time-step to create
turbulence from the shear generated by angular velocity.

We derive the angular velocity Ω through the vorticity
field ω as Ω =ω/2. We compute the vorticity field using the
differential form as:

ωi = ∇×vi =
1
ρi

∑
j

m j(vi−v j)×∇iWi j. (6)

In the view of efficiency, we obtain the dissipated vorticity
using the difference between two time-steps n and n−1 as:

δωn
i = ωn

i −ωn−1
i . (7)

The angular velocity used to refine the linear velocity should
be negative wrt. the dissipated angular velocity because the
vorticity dissipation is caused by the neighbour particles; this
implies a negative factor to the vortex centre.

Improving on Wang et al. [48], a more accurate form of
vorticity dissipation for each particle can be derived from the
curl of Navier-Stokes equation as:

−dωi

dt
= (ωi ·∇)vi +ν∇

2ωi. (8)

However, vi is derived after the projection step, which means
the velocity refinement should take place only after that.
Therefore, fluctuations in the density field could potentially
jeopardise the stability of the simulation, and at an excessive
computation overhead. We therefore proceed differently.
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4.2 The Rankine vortex model

A two-dimensional Rankine vortex model can be expressed
in polar coordinates as:

Vθ (r) =


(

Γ

2πrc

)
r̄ 0≤ r̄ ≤ 1,(

Γ

2πrc

)
1
r̄ r̄ > 1,

(9)

where Γ is a fixed circulation, and r̄ = r/rc with r the ra-
dial distance and rc the radius of the viscous core. Although
an idealised free vortex has a linear velocity inversely pro-
portional to the distance from the center, a more accurate
approximation in the real world should take also shear into
account, which prevents the linear velocity to be infinitely
large near the vortex centre. This profile simplifies a natural
vortex to a rigid-like core and a vorticity-free external area.
This reduces the computational cost due to its linear nature.

A more precise and suitable description of the time-
variant radius of the viscous core is given in the vortex
model by Lamb and Oseen, which is a solution to the one-
dimensional Navier-Stokes equations [23, 32]. It grows with
time as:

rc =
√

4ανt, (10)

where α is the Oseen parameter with a value of 1.25643. The
scale of the viscous core should be carefully chosen when
using the Rankine vortex to match the scales of the time and
space discretisation.

Considering the time-step ∆ t and the kinematic viscos-
ity ν of the fluid, the largest possible viscous core used in
each simulation step is rcmax =

√
4αν∆ t, and the smallest

is rcmin = 0. According to the Rankine vortex model, the in-
fluence of the vortex reaches its peak with rcmax , and has
no effect at rcmin . In order to enable our users to alter the
performance directly, we introduce an adjustable viscous
coefficient β to make our method controllable [23]

rc = β rcmax = β
√

4αν∆ t (11)

with 0 ≤ β ≤ 1. The default value of β = 1 is used, unless
stated otherwise. The influence of this parameter is discussed
in Fig. 7.

4.3 Turbulence feedback using the Rankine vortex

In order to recover the missing details in a simulation, we
transform the angular velocity to let it reasonably affect the
linear velocity. Linear velocity refinement using vorticity
has been widely used in lots of previous Lagrangian vortex
methods. However, many of them tend to be unstable, espe-
cially when the movements are intense, even though they are
theoretically stable in the continuous model. This vorticity

regeneration problem that occurs in the SPH approach has
not been considered in detail previously; see Fig. 8.

Vorticity regeneration in the refining process occurs when
the velocity field is enhanced after a time-step in which vor-
ticity is refined. However, the energy would increase expo-
nentially if not subject to a certain viscosity constraint. To
avoid instability, the refined velocity field must not feed extra
energy back to the vorticity field. But when using discreti-
sations, even a naturally convergent method could result in
severe instabilities.

In theory, a flow can be divided into forced flow and
natural flow. Forced flow is the flow in which pressure is
affected by an external source. When the velocity field is
refined as forced flow, the vorticity field is affected in return
and extra energy is generated due to additional pressure.
Thus the Rankine vortex model must be applied to enforce
convergence, i.e., so that it does not generate excess energy.

Circulation can be used to describe the strength of a
vortex. Circulation-free means that the Rankine vortex does
not generate additional velocity that changes the vorticity.
However, in this Rankine vortex model, the velocity of the
vortex centre is infinite, and thus unrealistic. However, the
shear near the origin is large enough to slow the velocity
down, creating a rigid-like core that strikes a balance between
shear and velocity, as shown in Fig. 9.

The linear velocity on the surface of the viscous core can
be obtained from Eq. (9) as

vsur
i (eθ ) =Vθ (rc)e′ =

(
Γ

2πrc

)
e′, (12)

where eθ is the unit vector pointing at a specific point on the
viscous core surface, and e′ is the unit vector representing
the direction of velocity of that point, subject to e′ · eθ = 0
and e′ ·ωi = 0. Consequently, the refinement from particle
with index i to that with index j can be expressed as:

δvi→ j(eθ ) =Vθ (r)e′ =
(

Γ

2πrc

)
1
r̄

e′ =
rc

r
vsur

i (eθ ), (13)

where r with r > rc is the distance between the involved
particles, and eθ points from xi to x j.

At the same time, due to the relationship between angular
velocity and linear velocity, the linear velocity on the surface
of the viscous core of the i-th particle can be expressed as:

vsur
i (eθ ) =

δωi

2
× (rceθ ), (14)

where rceθ is the displacement from the viscous core center
to its surface. Thus, Eq. (13) can be converted to

δvi→ j(eθ ) =
r2

c

2r
(δωi)× eθ . (15)

When applying our method with the fluid-rigid coupling
method introduced by Akinci et al. [1], the boundary particles
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(a) Our method with β = 0.0 (b) Our method with β = 0.2 (c) Our method with β = 0.4 (d) Our method with β = 0.6

(e) MPSPH with νt = 0.0 (f) MPSPH with νt = 0.2 (g) MPSPH with νt = 0.4 (h) MPSPH with νt = 0.6

Fig. 7: A simulation using 94K/s turbulent fluid particles with an inserted hemisphere modelled with our method and MPSPH
with different parameter values. Top row: Our method with the control parameter β = 0.0, 0.2, 0.4 and 0.6. Bottom row:
MPSPH with the transfer coefficient νt = 0.0, 0.2, 0.4 and 0.6. The turbulence effects increase with the respective parameter
value. Observe that our method can not only achieve more noticeable effects than MPSPH, but it also ensures stability.

t𝑛

t𝑛+1

Time step

𝒗𝑛

VorticityVelocity

𝒗𝑛

advection-projection

correct divergence

 𝒗𝑛+1  𝒗𝑛+1

derive

derive

𝛿𝝎 = 𝝎𝑛+1 −  𝝎𝑛+1
refine only

𝒗𝑛+1 =  𝒗𝑛+1 + δ𝒗

refine + regenerate

δ𝒗 = 𝒇( 𝝎𝑛+1)

δ𝒗 = 𝒇′(𝛿𝝎)

traditional

ours

Fig. 8: Traditional Lagrangian vortex methods (yellow)
utilise the vorticity field directly to refine the missing lin-
ear velocity. This refinement regenerates excessive energy
in the vorticity at the next time-step (red). Instead, in our
scheme (blue) we refine the dissipated vorticity field (green)
to avoid this issue.

contribute no vorticity to the fluid since boundary particles
carry no angular velocity and the overall vorticity field would
become unstable near the rigid body, especially for moving
ones. So the vorticity is computed within the fluid only.

This method can be regarded as a velocity factor in the
advection step of the SPH simulation, thus causing no den-
sity fluctuations in normal SPH approaches. We integrated
our method with IISPH [17] and DFSPH [4], showing good
results; see Section 5.

In the SPH approach, the radius of a viscous core growing
with time needs to be less than the radius of the fluid particles
in the simulation. Otherwise, the refinement is not captured
by the system. Fortunately, this is easy to achieve for fluids

r

Fig. 9: A solid core in the two-dimensional Rankine vortex.
We consider a fluid particle as the core, and outside the
core the velocity is decreased inverse-proportionally to the
distance r to the vortex centre.

with a high Reynolds number, while low Reynolds number
fluids do not cause much turbulence.

The whole process of refinement is summarised in Al-
gorithm 1, including the steps adapted from the IISPH and
DFSFH methods.

Algorithm 1: Robust turbulence simulation using
the Rankine vortex model

1: // Vortex-based turbulence (α = 1.25643, 0≤ β ≤ 1)
2: ωn = ∇×vn

3: δω = ωn−ωn−1

4: rc = β
√

4αν∆ t

5: δvi = ∑ j
r2
c

2r (δωi)× eθ

6: vn = vn +δv
7: // Traditional SPH method with the scheme of IISPH
8: ṽ = Advect(vn)
9: v̂ = Project(vn)

10: xn+1 = ∆ tv̂+xn

11: // Correction based on DFSPH
12: vn+1 = CorrectDivergence(v̂)
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5 Experiments and discussion

In this section, we compare the simulation results of our
method to several fluid and turbulence simulation methods.
We integrated MPSPH [5] and our method with the DFSPH
approach [4] (Figs. 3 and 4) and the IISPH approach [17]
(all other figures). In addition, we employed the neighbour-
hood search algorithm presented by Ihmsen et al. [16], the
boundary handling method proposed by Akinci et al. [1] and
the surface tension model addressed by Wang et al. [46]. The
physics simulation framework was implemented in C++, the
fluid surfaces were constructed using anisotropic method
[47] and visual results were rendered with Blender. We con-
ducted our experiments on a workstation with Intel Xeon
E5-2687 v4 (15M Cache, 3.5GHz, 4 cores) CPU, 80GB
RAM, and NVIDIA Quadro P4000 GPU.

In order to compare with the MP method, we set the
parameters for comparison based on the second law of ther-
modynamics. The micropolar model can be described using
the following equations:

Dv
Dt = − 1

ρ
∇p+ν∇2v+(ν +νt)∇×ω+g

ε
Dω

Dt = νt(∇×v−2ω)+ ϑ

ρ

(16)

where νt is the kinematic transfer coefficient (set as νt = 0.05
unless stated otherwise), ω is the angular velocity, ε is an
isotropic micro-inertia coefficient, and ϑ denotes the Levi-
Civita tensor and external torque. According to Eq. 16, the
micropolar method increases the kinetic energy by introduc-
ing (ν +νt)∇×ω to the Navier-Stokes equations. In cases
where 2ω= ∇×v, the term ν∇2v+(ν +νt)∇×ω in Eq. 16
can be rewritten as 1

2 (ν−νt)∇
2v. This means it potentially

violates the second law of thermodynamics and causes insta-
bility if νt is greater than ν . Since the coefficient is generally
set to ν = 0.05, we naturally choose νt = 0.05 for the MP
solver, which corresponds to β = 1 in our method.

5.1 Comparison and convergence

In a classical scenario in Fig. 7, 94K fluid particles run over
a hemisphere in a tunnel, and rich turbulence details are
expected to arise. We compared our method with MPSPH [5]
with various coefficient settings in this scenario. When β =

0 or νt = 0, both are equivalent to the IISPH method. In
this case, some vague and feeble turbulence is produced
when the fluid is injected into the tunnel. Although the fluid
is then partially blocked by the hemisphere, no significant
interaction details are visible around the hemisphere. Behind
the obstacle, two regular shallow traces gradually disappear
along the flow. At the right end, the current restores calm.

In this experiment, both our method and MPSPH are ca-
pable of increasing turbulence details. As β increases, the
flow gets more violent at the injection port and the traces

MPSPH [5] Our method

Fig. 10: Four blocks fall into the fluid simultaneously. The
gravitational potential energy of the blocks is transformed
into the kinetic energy of the fluid. Our method produces a
smooth surface over time, whereas MPSPH keeps producing
unrealistic turbulence. Top row: t = 0; blocks are dropped.
Middle row: t = 1.94s; blocks just under the surface. Bottom
row: t = 11.1s; blocks reach the bottom of the container.

Fig. 11: Total energy comparison of three methods: IISPH,
MPSPH (MP method), and ours.

become more irregular and apparent. The fluid gets stacked
in front of the obstacle using both methods, and the hemi-
sphere is nearly fully submerged. Compared with our method,
MPSPH increases the turbulence in a fiercer way. The fluid
behaviour with β = 0.4 looks as furious as that of νt = 0.2.
We choose β = 0.6 throughout this paper as it better shows
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(a) Energy comparison of IISPH and MPSPH (b) Energy comparison of IISPH and our method

Fig. 12: Energy comparison among three methods. (a) and (b) show the relationship between the linear and rotational kinetic
energy of these methods. MPSPH shows a strong positive feedback effect, while our method manages to eliminate it.

the effect in our tests. Note that MPSPH increases turbulence
by producing lots of small fragments, but our method tends
to preserve the original form at a macroscopic level, and to
intensify dissipated curves. Moreover, the flow at the right
end looks too intense when applying MPSPH.

In Fig. 4, 1.5K/s fluid particles flush a pillar using DF-
SPH, MPSPH and our method. We visualize vorticity mag-
nitude of the particles. Observing the wake behind the pil-
lar, our method recovers energy from numerical dissipation.
Compared to the MP solver, our method is able to recover
more vorticity and thus also detailed turbulence.

Fig. 10 shows the disturbance caused by four blocks
falling into a tank of water at the same time. We compare
our method with MPSPH to assess convergence under ex-
treme conditions. Compared to the fluid, the density of these
blocks is considered large enough so that the acceleration
of the blocks should be maintained as gravity acceleration
throughout the experiment. Significant turbulence can be ob-
served in both methods when the blocks hit the surface. But
when they reach the bottom, the generated effects start to
vary. One significant difference between MPSPH and ours is
that turbulence in our method smooths out over time, while
unstable movements appear and do not vanish in MPSPH.

Fig. 11 illustrates the total kinetic energy of the blocks-
falling-into-water scenario. Both MPSPH and our method
accumulate more kinetic energy than IISPH. Our method
carries a lot of kinetic energy at 1.6s into the simulation. In
MPSPH, the positive feedback effect eventually overcomes
the damping effect, and starts to grow until a dynamic equi-
librium is reached instead of a static state. In contrast, our
method converges to the stable state, just as IISPH does.
Splitting the linear and the rotational kinetic energy apart
as shown in Fig. 12(b), we find that the rotational kinetic

energy in our method keeps the same pace as the linear ki-
netic energy. In MPSPH, as the rotational kinetic energy and
the linear kinetic energy increase, they stimulate each other,
as revealed in Fig. 12(a), which results in the instability of
the simulation. This also explains that MPSPH cannot main-
tain the original shape on the macro level. It generates extra
turbulence and destroys areas that do not need refinement.

In another experiment, 1.4M fluid particles flow into a
tank through a funnel; see Fig. 2. As the fluid is falling, grav-
ity plays a major role in the conventional SPH model, which
means the shape of the fluid remains generally the same
throughout the descent. In real life, however, the liquid that
flows out of a funnel starts out tight and orderly, then widens
and disperses via stretching and acceleration of the fluid un-
der gravity. The Weber number (WE), which represents the
relationship between fluid velocity and surface tension, de-
creases as the fluid falls. When the WE reaches a specific
threshold, fluids disperse. Compared to IISPH, our solver is
more realistic, showing correct behaviour of surface tension
and shear stress by making the fluid split when falling.

The vorticity field in this scene benefits from the velocity
difference under gravity in relation to the WE. Because of
energy dissipation and the loss of angular velocity, neither
waves nor splashes were preserved in IISPH. In contrast, our
solver is capable of generating water splashes and producing
reasonable turbulence over a Rankine surface. These high
frequency details are very crucial for this type of scenes.

5.2 Turbulence performance

In order to demonstrate the turbulence performance of our
method, we compare the visual effects of our method, MP-
SPH, IISPH and DFSPH in this section.
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MPSPH [5]

Our method

Fig. 13: A propeller interacts with water using 1.13M fluid particles. It first descends slowly (first and second columns) and
then rotates clockwise at 5 radians per second (third column). Finally, the propeller stops rotating and the water is expected to
gradually calm down (fourth column). From left to right column, the simulation times are t = 0, t = 16s, t = 37s and t = 54s.

In Fig. 3, a cylindrical stick was inserted into a tank of
water, and stirred at a uniform speed for eight seconds. The
water splashed around due to the quick movement of the
stick. Observe that the simulation result under our method
and MPSPH is more delicate than DFSPH. This is due to
the recovery of the dissipated velocity by vorticity, while
maintaining a certain amount of energy. When the stick starts
to stir the fluid, our method can effectively enhance the waves,
while MPSPH introduces velocity instabilities (red regions).
In the second column, both of the refinement methods are
able to generate vivid dynamic effects. Our method tends to
behave in a more organised way and has a more vibrant effect
when the fluid hits the wall (yellow region). After the stirring
process, the stick is pulled out of the fluid, and the water
starts to calm down. The traditional SPH approach calms the
fluid down quickly due to numerical dissipation. In contrast,
the refinement methods are capable of retaining the detailed
waves for a longer period of time. Observe that overall, our
method produces a more natural result than MPSPH.

In a similar scenario to that shown in Fig. 10, four blocks
fall into the water one by one, intensely impacting the water
due to their potential energy; see Fig. 5. The drop of each
piece further increases the system’s energy and creates new
turbulence details at the corresponding location. It can be
seen that both our method and MPSPH produce rich turbu-
lence effects, but in different styles and characteristics. The
turbulence effect of MPSPH is very fragmented and small,
while our method produces an orderly and stable result. This
further demonstrates that our method is suitable for simu-
lating a fierce collision: it can maintain convergence while
restoring turbulence, without adding too much energy.

In Fig. 13, a propeller was slowly submerged into water
and rotated clockwise, at a speed of 5 radians per second. In

the aspect of restoring the turbulence effect, both MPSPH
and our method can clearly capture the turbulence of the fluid
surface. The turbulence recovered by our method shows a
trend of clockwise movement on a macroscopic level, which
is more in line with reality. By contrast, the turbulence effect
produced by MPSPH is very fragmented, lacking macro-
scopic motion. Although the details in MPSPH are more
abundant, we have demonstrated in previous comparisons
that this is at a cost of energy surge. Therefore, our method
can not only restore a certain degree of turbulent effects, but
also maintain macroscopic stability. This is further confirmed
by the last column in Fig. 13.

All combined, the experiments presented in the paper and
the supplementary videos show that our method can simulate
turbulence realistically with good convergence, producing
vivid and turbulent details and capable of full stabilisation.

6 Conclusion

We have presented an SPH-based method for recovering
turbulence details for low-viscosity incompressible fluids.
Built on the Lagrangian modelling approach, our method can
be easily integrated into any SPH method with negligible
computational overhead. It draws on the fluid dynamic inter-
pretation for turbulence as multiple unstable vortices interact
with each other. According to the unconditional stability of
potential flow in the SPH simulation process, we showed that
the Rankine vortex model is preferable to adjust the linear
velocity and to generate small vortices in the vicinity of each
particle.

Numerical dissipation is an inherent disadvantage of SPH
methods, especially when it comes to simulating turbulence.
It is difficult to find an intuitive way to eliminate dissipation
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completely. Our method successfully resolves the instability
effects when the positive feedback exceeds the convergence
limit of viscous damping. Moreover, it is fully capable of
creating abundant turbulence effects, but also of maintaining
stability in extreme scenarios.

Nevertheless, turbulence is an extremely complex phe-
nomenon, which is often accompanied by bubbles and white
foam [26]. In this paper, we have only enhanced the turbu-
lence effect from the perspective of energy loss. We do not
cover gas-liquid coupling. Focusing on multi-phase coupling,
especially gas-liquid coupling, to achieve richer turbulence
details remains a challenging avenue for future research. Be-
sides, extend this method to Machine Learning methods [53]
are also of great importance and very challenging.
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