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Abstract. We consider multiresolution visualization of large volume data sets based on
wavelets. Starting from a wavelet decomposition of the data, a low resolution image is computed; this approximation can be successively re ned. The practical need for such a multiresolution approach is motivated. The mathematical techniques involve Fourier and wavelet
analysis.

1. Background and motivation
There is a growing interest in the visualization and exploration of digital data representing
large three-dimensional (3D) volumes, which can result from measurement by physical equipment,
or from computer simulation. Such data arise in many scienti c areas, such as computerized
tomography (CT), astronomy, computational physics or chemistry, uid dynamics, seismology,
environmental research, non-destructive testing, etc. Since it is very hard to interpret the interior
of volumes by viewing individual slices, volume visualization techniques have been developed for
viewing these data from di erent viewpoints, using advanced computer graphics techniques such
as illumination, shading and colour.
With the increasing popularity of the Internet and the data exchange through systems such as
the World Wide Web, fast and ecient methods for transfer and display of 3D data are required.
To relieve the demand on the server capacity, there is a tendency for transmitting the data rst
to the client's workstation on which the visualization of the data takes place. Due to their large
size the transmission of the data sets is time consuming. This motivates the need for visualizing
the data incrementally as it arrives (`progressive re nement') in order to achieve a reasonable
response time for the user. For this purpose multiresolution models are developed, allowing the
systematic decomposition of the data into versions at di erent levels of resolution. Other bene ts
of such approaches are local level-of-detail (LOD), i.e. using a lower resolution for small, distant
or unimportant parts of the data. Wavelets are a natural candidate for such a multiresolution
approach.
1.1. Surface rendering. Although not the subject of this paper, we rst mention the class of
volume visualization methods known as surface rendering, where one reduces the volume to a
number of surfaces representing the boundary between materials [5,7]. These are usually de ned
as iso-surfaces S (c) of a density function f (x; y; z ), given by an equation f (x; y; z ) = c, where
c is a constant. The information available about this function f is the 3D voxel array of data
values fk;l;m = f (kx; ly ; mz ); k = 1; : : : N1 ; l = 1; : : : N2 ; m = 1; : : : N3 , with x ; y ; z the
sampling step sizes in the three spatial directions. By taking di erent values for the constant c,
distinct surfaces can be extracted from the data. Figure 1 shows an example of two iso-surfaces
reconstructed from CT data of a human head, corresponding to skin and bone, respectively.
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(a)

Figure 1.
(b) skull.

(b)

Surface rendering of human head CT data, corresponding to (a) skin and

Characteristic of surface rendering methods is the use of intermediate graphical primitives, such
as triangle meshes. The size of these meshes may become very large in real world applications
such as CAD models, digital terrains or medical volume data. Therefore there is currently a
very active interest in developing techniques for mesh simpli cation [11], especially for realtime, interactive environments. Wavelet-based techniques are among the collection of recently
proposed methods [8].
1.2. Direct volume rendering. A di erent approach to volume visualization, called direct
volume rendering [4], does not make use of intermediate graphical primitives, but tries to map
the information in the 3D data set directly on the view plane.
A standard method, called X-ray volume rendering, is to integrate the function f along the
line of sight. This turns out to be one of the preferred techniques for medical applications,
because physicians are well-trained in interpreting such X-ray like images for diagnosis. The
corresponding mathematical concept is the X-ray transform, well-known from computerized tomography [10]. Consider the line integrals of a square integrable function f (x); x 2 R3 , along a
direction vector . Let u and v be two orthogonal vectors in the plane perpendicular to , cf.
Fig. 2. The X-ray transform of f is de ned by
Z

P f (u; v) = f (uu + vv + t) dt :
R

(1.1)

In the remainder of this paper, we describe two wavelet-based methods for direct volume rendering, which are both extensions of standard volume visualization techniques based on the X-ray
transform.
2. Wavelet Splatting
The splatting algorithm [15] contains the following steps: (i) Reconstruction of a continuous
function from the discrete data using convolution with a reconstruction lter; (ii) Mapping
the continuous function to the image plane as a superposition of building blocks called splats or
footprints. The reconstruction step is necessary because the lines parallel to a given view direction
 passing through the pixels of the view plane do not necessarily pass through the grid points
of the initial 3D data set. We next outline the wavelet splatting method, rst proposed in [6].
The di erence with the original splatting method is, that (i) wavelets are used as reconstruction
lters, and (ii) it is possible to compute images at di erent levels of detail.
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Figure 2. Parameters of the X-ray transform.
2.1. Wavelet representation. A 1D orthonormal wavelet basis can be constructed from a
scaling function  with associated wavelet , and corresponding basis functions fj;k g and f j;k g,
j; k 2 Z, where j;k (x) = 2 j=2 (2 j x k) and j;k (x) is de ned similarly [1, 2, 13, 14]. Here j
is the scale parameter and k the translation parameter. From this, a 3D separable orthonormal
wavelet basis can be constructed with 8 basis functions, i.e. one scaling function 0j;k;l;m (x; y; z )
and 7 wavelet basis functions j;k;l;m ;  2 T = f1; 2; 3; 4; 5; 6; 7g de ned as follows:
0j;k;l;m (x; y; z ) = j;k (x)j;l (y)j;m (z ); 1j;k;l;m (x; y; z ) = j;k (x)j;l (y) j;m (z )
2
3
j;k;l;m (x; y; z ) = j;k (x) j;l (y )j;m (z );
j;k;l;m (x; y; z ) = j;k (x) j;l (y ) j;m (z )
4
5
j;k;l;m (x; y; z ) = j;k (x)j;l (y )j;m (z );
j;k;l;m (x; y; z ) = j;k (x)j;l (y ) j;m (z )
6
7
j;k;l;m (x; y; z ) = j;k (x) j;l (y )j;m (z );
j;k;l;m (x; y; z ) = j;k (x) j;l (y ) j;m (z ):
Then f can be represented in the following way:

L XX
X L
X

0
f (x; y; z ) =
ck;l;m L;k;l;m (x; y; z ) +
dj;
(2.1)
k;l;m j;k;l;m (x; y; z ):
j =1  2T k;l;m
k;l;m
Here the integer L denotes the number of decomposition levels, cLk;l;m = hf; 0L;k;l;m i are the

approximation coecients and dj;
k;l;m = hf; j;k;l;m i the detail coecients, respectively, where
2
h; i denotes the inner product in the space L (R3 ) of square integrable functions. These coecients are computed by a discrete wavelet transform of the initial voxel array fk;l;m of dimension
M := N1  N2  N3 (in practice we assume each Ni to be a power of two). At scale j , the

vector (k; l; m) of translation integers in (2.1) runs over a downsampled 3D array whose size is
8 j  M . This representation is easily extended to a basis of biorthogonal wavelets [1{3], which
is for example needed when using B-spline wavelets.
In practice the decomposition and reconstruction step are performed by the fast wavelet
transform [1,14], which operates on discrete data by down- or upsampling and convolution with
discrete lters which are associated uniquely to the scaling and wavelet basis functions.
2.2. Wavelet domain rendering. In (1.1) replace f by its wavelet representation (2.1):
X L Z 0
P f (u; v) = ck;l;m L;k;l;m(uu + vv + t) dt
R
k;l;m
Z
L XX
X

+
dj;
j;k;l;m (uu + v v + t ) dt :
k;l;m
R
j =1  2T k;l;m

(2.2)
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This equation expresses P f (u; v) as a weighted summation of 2D functions on the view plane
(these are the splats or footprints ). The integrals have to be evaluated only once for a given view
direction at the coarsest scale j = L for (k; l; m) = (0; 0; 0), resulting in eight prototype footprints.
It is possible to compute all required footprints for ner scales and/or other translation vectors
from these prototypes by rescaling and shifting.
2.3. Computing the prototype footprints. An ecient way to compute the required integrals is based upon the Fourier slice theorem well-known from computerized tomography [10].
Denote the n-dimensional Fourier transform of a function f 2 L2 (Rn ) by Fn f :

Fn f (~! ) =

Z

Rn

e 2i~! ~x f (~x ) d~x ;

~! 2 Rn :

Then the 2D Fourier transform of the X-ray transform P f (u; v) for xed  is given by slicing the
3D Fourier transform F3 f (!x; !y ; !z ) with a plane (called the `slice plane') through the origin
and perpendicular to , cf. Fig. 2:
F2 P f (!u ; !v ) = F3 f (!u u + !v v):
(2.3)
A subsequent inverse 2D Fourier transform gives the desired footprints in the view plane.
When analytic expressions for the Fourier transform of the scaling function and wavelets exist,
such as for the Haar and cardinal B-spline wavelets [2], no interpolation from discrete samples
is necessary. A slice of 0 or  is computed according to a discretization of the view plane
satisfying the Nyquist sampling conditions.
2.4. Wavelet splatting algorithm. The algorithm consists of the following steps:
 Pre-processing. Perform a 3D wavelet transform (depth L) of the volume data.
 Actual volume rendering.
 :
1. compute prototype footprints at level L in the view plane orthogonal to ;
2. from these, compute footprints for lower levels by scaling and downsampling;
3. compute a low resolution image as a summation of scaled and translated footprints
weighted by the approximation coecients cLk;l;m ;
4. re ne image successively by using detail coecients dj;
k;l;m ; j = L; L 1; : : : ; 1, yielding
approximations at level j = L 1; L 2; : : : ; 0, respectively. The j = 0 approximation
coincides (up to discretization errors) with the original function P f .
For each change in view direction, the whole process is repeated. In applications one would
normally use a low resolution version when rotating the data set, and re ne this when the
rotation is stopped for detailed visual inspection.
2.5. Example. The algorithm was applied to a CT data set (size 1283 voxels) of a human head
which was decomposed by a three level (L = 3) wavelet decomposition. For illustration purposes,
we rst show the results when using the Haar wavelet, see Fig. 3. The image on the left is a low
resolution approximation at level 3, where only 0:2% of the wavelet coecients are used. This
image was re ned by adding detail information so that 1:56%, 12:5% and nally 100% of the
wavelet coecients are used. From the pictures in Fig. 3(b) it can be observed that the quality
of the level-2 approximation is low, due to the discontinuous character of the Haar wavelet. So,
in this case one has to use at least a level-1 approximation, cf. Fig. 3(c).
We also used a second order B-spline wavelet, which gives much smoother results at large compression ratios. In that case, we need a biorthogonal wavelet basis, de ned by lter coecients
of unequal length for decomposition and reconstruction. For eciency reasons, we use the long
lter for the initial 3D wavelet decomposition (performed only once), and the short lter for the
reconstruction at each view angle. The 1D lters out of which the 3D wavelet basis is constructed
have length 41 and length 5, respectively. Results are shown in Fig. 4 for a level-2 decomposition.
Only two levels are used in this case because, due to the downsampling operation, the support
of the image in every spatial dimension is halved at each additional decomposition level. So for
For each direction

, do
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L = 3 these support sizes would become smaller than the lter size, which does not yield useful

results. In this case a level-2 approximation is quite acceptable, due to the smoothness of the
second order B-spline wavelet, cf. Fig. 4(a).

Figure 3.
CT data.

(a) c3k;l;m only.

(b) d3;
k;l;m added.

(c) d2;
k;l;m added.

(d) d1;
k;l;m added.

Reconstruction from a 3-level Haar wavelet decomposition of human head

3. Fourier domain volume rendering
The splatting algorithm has time complexity O(N 3 ) for a N  N  N data set. To achieve
higher speed Fourier domain visualization techniques have been developed in the past, based upon
the Fourier slice theorem [9]. After an initial 3D Fourier transform of the data, this algorithm
runs in almost the same way as sketched above for the computation of footprints (Section 2.3).
The only additional step is interpolation in Fourier space to obtain the values of the Fourier
transform of the function f at a regular pixel grid in the slice plane from the values of the 3D
discrete Fourier transform of the data. The time complexity is dominated by the 2D inverse
Fourier transform from the slice plane to the view plane, hence is O(N 2 log N ). In practice, the
interpolation step is the most time consuming operation.
We propose here a modi cation of this algorithm using wavelets allowing a multiresolution
visualization with the same time complexity as ordinary Fourier domain rendering.
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(b) d2;
k;l;m added.

(a) c2k;l;m only.

(c) d1;
k;l;m added.

Figure 4. Reconstruction from a 2-level B-spline wavelet decomposition of human
head CT data.

3.1. Wavelet Representation of X-ray projections. The idea is to directly expand the
X-ray transform P f in a 2D wavelet series as follows:

P f (u; v) =

L XX
X L
X

ck;l ()0L;k;l (u; v) +
dj;
k;l ( ) j;k;l (u; v );
j =1  2T k;l
k;l

(3.1)

with scaling function 0j;k;l (u; v) = j;k (u)j;l (v) and 3 wavelet basis functions j;k;l ;  2 T =
f1; 2; 3g constructed from the 1D wavelet basis functions as follows:
0j;k;l (x; y; z ) = j;k (x)j;l (y); 1j;k;l (x; y; z ) = j;k (x) j;l (y)
2 (x; y; z ) = j;k (x)j;l (y );
3 (x; y; z ) = j;k (x) j;l (y ):
j;k;l
j;k;l

Note that now the coecients cLk;l ; dj;
k;l depend on the view direction .
This transform can be viewed as a close relative of the wavelet X-ray transform which combines
integration over a line with a simultaneous 1D wavelet transform along this line [16]. The
di erence is that in our case we perform a 2D wavelet transform in the plane perpendicular to
the line.
Now we can state the main result.
Theorem. The coecients in the wavelet representation (3.1) for the X-ray transform of f 2
L2 (R3 ) are given by








cLk;l () = F2 1 F2 P f  F2 e 0L (2j k; 2j l)

1
 j j
dj;
k;l ( ) = F2 F2 P f  F2 e j (2 k; 2 l);

(3.2)
(3.3)

where

e 0L (u; v) = 0L;0;0( u; v); e j (u; v) = j;0;0 ( u; v):
Proof. We only prove (3.3), the result (3.2) follows analogously. Using the Plancherel formula,
we observe


dj;
k;l ( ) = hP f; j;k;l i = hF2 P f; F2 j;k;l i
=

ZZ

d!u d!v F2 P f (!u ; !v ) F2 j;k;l (!u ; !v ):

(3.4)
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Now,

F2

 (!u ; !v ) =
j;k;l

=

ZZ
ZZ

du dv e2i(!u u+!v v) j;k;l (u; v)
du dv e2i(!u u+!v v) e j (2j k u; 2j l v)

= e2i(2 k!u +2 l!v )
j

dj;
k;l ( ) =

ZZ

j

ZZ

du0 dv0 e 2i(!u u +!v v ) e j (u0 ; v0 )
0

0

= e2i(2 k!u +2 l!v ) F2 e j (!u ; !v ):
j

Using this in (3.4), we nd
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j

d!u d!v F2 P f (!u ; !v ) e2i(2 k!u +2 l!v ) F2 e j (!u ; !v )
j



j



= F2 1 F2 P f  F2 e j (2j k; 2j l):
Note that by the Fourier slice theorem (2.3), F2 P f (!u ; !v ) = F3 f (!u u + !v v). Therefore the
wavelet coecients at scale j in (3.1) can be computed by multiplying a slice of the 3D Fourier
transform of f by the 2D Fourier transform of the scaling or wavelet function at scale j , followed
by an inverse 2D Fourier transform evaluated at the points of the form (2j k; 2j l) in the view
plane.
3.2. Algorithm for discrete input data. The implementation of the proposed extension
of Fourier domain volume rendering is facilitated by the fact that wavelet decomposition and
reconstruction can be performed in the Fourier domain, without the need of repeatedly switching
between the spatial and Fourier domain [12,14]. Omitting the details, the algorithm for discrete
3D input data then takes the following form:
 Pre-processing. Compute the 3D Fourier Transform of the volume data.
 Actual volume rendering.
 :
1. Interpolate the Fourier Transform on a regular grid of points in the slice plane orthogonal to , as in ordinary Fourier domain rendering.
2. Perform a 2D wavelet decomposition (depth L) in Fourier space.
3. Do a partial reconstruction in Fourier space and perform a 2D inverse Fourier transform
to obtain an approximation in the spatial domain.
A comparison of Fourier domain X-ray wavelet rendering and wavelet splatting is currently
carried out, w.r.t to both eciency and accuracy. A disadvantage of the Fourier domain Xray wavelet rendering method is that rst a slice in Fourier space at full resolution has to
be interpolated. Therefore, we plan to investigate the combination of both methods to take
advantage of the strengths of each of them.
For each direction
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