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Testing composite hypotheses applied to AR-model
order estimation; the Akaike-criterion revised

Rudy Moddemeijer

Abstract— Akaike’s criterion is often used to test com-
posite hypotheses; for example to determine the order of
a priori unknown Auto-Regressive and/or Moving Average
models. Objections are formulated against Akaike’s crite-
rion and some modifications are proposed. The application
of the theory leads to a general technique for AR-model or-
der estimation based on testing pairs of composite hypothe-
ses. This technique allows performance control by means
of a simple parameter, the upper-bound on the error of the
first kind (false alarm probability).

The presented simulations and the theoretical elaboration
improve the understanding of the problems and limitations
of techniques based on the Akaike criterion. Due to the
excellent correspondence between the theory and the ex-
perimental results we consider the in AR-model order esti-
mation problem for low order AR-processes with Gaussian
white noise as solved.

Keywords— AIC, Akaike criterion, AR, ARMA, autore-
gressive processes, composite hypothesis, entropy, max-
imum likelihood, model order, Neyman-Pearson, system
identification, time series analysis.

I. Introduction

We apply the method of testing composite hypotheses
[1, chapter 35], [2, pp. 86–96] to the Auto-Regressive (AR)
model selection problem. A composite hypothesis is a hy-
pothesis which is specified except for a few parameters to
be estimated. An example of two composite hypotheses
is: the average temperature on earth is constant, with one
unknown parameter, or the average temperature increases
linearly, with two unknown parameters. This is one of the
most difficult estimation problems because the model of
the first hypothesis is contained in the model of the second
hypothesis. A similar problem is testing a 2nd order AR-
model against a 3rd order AR-model in case of a 2nd order
AR-data model. Especially in the critical test, i.e. if both
models are nearly equally likely, a reliable method to test
composite hypotheses is needed.

The Akaike criterion [3], [4], [5] integrates the method of
Maximum Likelihood (ML, for abbreviations see table I)
to estimate parameters and the likelihood-ratio test to dis-
criminate the hypotheses. The Akaike criterion is widely
accepted and is for example used to determine the order
of Auto-Regressive (AR) [6], [7], [8] and Auto-Regressive
Moving Average (ARMA) [9] models. Other applications
of the Akaike criterion are: maximum likelihood estimation
[10], data-mining [11], EEG and EMG data processing [12],
[13] and Geophysics [14]. There exist a number of compet-
itive criteria [15], [16], [17].

Hocking [18] showed that two completely different defini-
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ML: Maximum Likelihood
MLL: Mean Log Likelihood (expected log

likelihood)
MMLL: Maximum Mean Log Likelihood; i.e.

the maximum of the MLL-function
ALL: Average Log Likelihood; an unbiased

statistic to estimate the MLL
MALL: Maximum Average Log Likelihood;

i.e. the ALL-function at the ML-
estimate; a biased statistic to esti-
mate the MMLL

TABLE I

Frequently used abbreviations

tions of the best model order can be given. The usual one,
which we will use, applies to the overall fit of the model
and leads to selection criteria like the Akaike criterion.
The other order is applicable to situations where the es-
timated AR-parameters themselves are important because
they are used as an intermediate to compute quantities
like harmonic frequencies, spectra, Moving Average (MA)
or ARMA model parameters. Broersen [17] showed that
the best order for those applications will be higher than
the best order for the overall fit.

Steinberg and Franke [13] reviewed some of these crite-
ria with respect to AR-model fitting applied to EEG time
series. Broersen [19] recently reviewed a large number of
criteria emphasizing the behavior in case of finite samples.
Broersen considers samples to be finite if the maximum
candidate order L > N/10, where N denotes the sample
size.

The Akaike criterion [3], [4], [5] is a heuristic which is not
convincingly motivated. Akaike’s concept will be modified
and extended. The Mean Log Likelihood (MLL) (Sakamoto
calls it the expected log likelihood [5]) will be introduced
as a quantity to describe the acceptability of a model de-
scribed by a probability density function (pdf). To study
Akaike’s criterion the bias and variance of a statistic to es-
timate the MLL, the Average Log Likelihood (ALL) func-
tion, are discussed. This ALL function is proportional to
the conventional log likelihood function. Simulations show
that the presented theory and method are correct.
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model 2

N I λ = 0 λ = 1

2
λ = 1

10 0 1.4079 1.4579 1.5079
1 1.3207 1.4207 1.5207
2 1.2638 1.4138 1.5638
3 1.2060 1.4060 1.6060
4 1.1383 1.3883 1.6383
5 1.0627 1.3627 1.6627

100 0 1.4599 1.4649 1.4699
1 1.4090 1.4190 1.4290
2 1.4041 1.4191 1.4341
3 1.3992 1.4192 1.4392
4 1.3942 1.4192 1.4442
5 1.3892 1.4192 1.4492

1000 0 1.4656 1.4661 1.4666
1 1.4181 1.4191 1.4201
2 1.4175 1.4190 1.4205
3 1.4170 1.4190 1.4210
4 1.4166 1.4191 1.4216
5 1.4161 1.4191 1.4221

model 5

λ = 0 λ = 1

2
λ = 1

1.5344 1.5844 1.6344
1.3168 1.4168 1.5168
1.2631 1.4131 1.5631
1.2041 1.4041 1.6041
1.1349 1.3849 1.6349
1.0575 1.3575 1.6575
1.6135 1.6185 1.6235
1.4098 1.4198 1.4298
1.4041 1.4191 1.4341
1.3992 1.4192 1.4392
1.3942 1.4192 1.4442
1.3892 1.4192 1.4492
1.6233 1.6238 1.6243
1.4193 1.4203 1.4213
1.4175 1.4190 1.4205
1.4170 1.4190 1.4210
1.4166 1.4191 1.4216
1.4161 1.4191 1.4221

TABLE II

The average the criterion, based on 10,000 estimates of

GIC (λ) in case of a 1st order AR-model (model 2;

xn = 0.3xn−1
+ εn) and a 2nd order AR-model (model 5;

xn = 0.55xn−1
+ 0.05xn−2

+ εn). The noise ε is stationary,

white and normally distributed with zero mean and unit

variance, so the entropy is 1.4189. The λ = 1

2
choice leads to

an approximately consistent the criterion which also

approximates the entropy.

II. Formulation of the problem

Assume the following AR-models:

1. xn =0.8 xn−1 + εn [8]
2. xn =0.3 xn−1 + εn [8]
3. xn =−0.3xn−1 + εn [8]
4. xn =−0.8xn−1 + εn [8]
5. xn =0.55 xn−1 +0.05xn−2 + εn [20]
6. xn =0.75 xn−1 −0.50xn−2 + εn [6]
7. xn =0.75 xn−1 −0.50xn−4 + εn

where the noise ε is stationary, white and normally dis-
tributed with zero mean and unit variance. Most models
originate from older publications.

Assume the stochastic signal x, generated by one
of the AR-models, and a sequence of N observations
x1, x2, . . . , xN . Estimate the generation model of x; i.e.
estimate the pdf of the stochastic process xn. In case of a
Ith order AR-model this will be a conditional probability
density function:

fx(xn|xn−1, . . . , xn−I ; a1, . . . , aI , σ)= fε(εn; σ) (1)

where

xn = εn + a1xn−1 + a2xn−2 + . . . + aIxn−I (2)

These AR-models have I + 1 independently adjustable pa-
rameters, i.e. I independently adjustable AR-parameters
a1, . . . , aI and one independently adjustable parameter for
σ.

The generation models with different AR-order are called
the hypotheses HI . The index of the hypothesis corre-
sponds to the AR-model order. The independently ad-
justable parameters pi are elements of the parameter vec-
tor p = (a1, a2, . . . , aI , σ) with dimension dimp. Given a
sequence of observations we determine the AR-model order
by selecting the best hypothesis.

Testing two composite hypotheses we distinguish two es-
sentially different test situations: the critical test and the
non-critical test.

In case of a critical test we are dealing with two equiva-
lent hypotheses. The hypotheses are approximately equally
likely or the difference in likelihood is so small that for a
given number of observations it is almost impossible to dis-
tinguish these hypotheses. In AR-model order estimation
the tests between hypotheses become critical if both hy-
potheses sufficiently model the data-model.

In a non-critical test the hypotheses essentially differ.
The variance of the test statistic caused by parameter es-
timation can be neglected with respect to the difference in
likelihood.

To show the objections against Akaike’s criterion some
simulations are performed. Sakamoto [5] in his book has
presented a large number of examples in which Akaike’s
criterion may be used. Mostly Sakamoto used the criterion
in non-critical tests. We will focus on the critical test.

In case of a 1st order AR-model the observed sequences
are distributed according to hypothesis H1. The models of
the other hypotheses Hi with i > 1 are extensions to the
model of H1; so all hypotheses with i ≥ 1 will match! This
means that all models should be equally likely.

To obtain high accuracy estimates the Generalize Infor-
mation Criterion (GIC) [21] :

GIC (λ) = −Ê {l(p̂)} + λdim bp

N
(3)

has been estimated and averaged over 10.000 sequences of
N observations in case a 1st and a 2nd order model (see ta-

ble II). Where Ê {l(p̂)} is the Maximum Average Log Like-
lihood (MALL), i.e. the ALL-function at the ML parameter
estimate, and λ is a constant. We denote the average, a
statistic to estimate the mean, by Ê {. . .}. The stochas-
tic single observation log-likelihood l(p̂) = log f(x; p̂) is
merely the value of log f(x; p̂) selected by x. The quan-

tity N Ê {l(p̂)} equals the well-known maximum of the log
likelihood function in the method of maximum likelihood
[22, chapter 7][23, section 11.5 ].

Different values for λ are used: no correction (λ = 0),
Bhansali (λ = 1

2 ) [20], [24], Akaike (λ = 1, so AIC =

GIC (1)) [3], Broersen (λ = 3
2 ) [19] and Åström (λ = 2)

[25]. Even considerably larger values of λ, even depending
on N , have been used [15], [16]. Our Akaike criterion AIC
corresponds with the criterion in the original publication
[3] divided by 2N ; this division makes it easier to compare
the results as a function of N with the conditional entropy
per sample of x (1.4189), which also equals the entropy per
sample of ε.

Considering the hypothesis having a minimum GIC (λ)
to be the optimal hypothesis, any choice of λ < 1

2 will
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lead to a preference for the hypothesis which sufficiently
models the process with a maximum number of indepen-
dently adjustable parameters. The choice of λ > 1

2 selects
the hypothesis which sufficiently models the process with a
minimum number of independently adjustable parameters.

This contradicts Akaike’s statement [4, p. 720] the dis-
appointing results reported by Bhansali [20] were due to his
incorrect use of the statistic, equivalent to using +k in place
of +2k in AIC (λ = 1

2 instead of λ = 1). The disappoint-
ing results can well be explained by an additional threshold
to deal with the variance of GIC (λ) which is incorporated
in the criteria with λ > 1

2 . This point of view is confirmed
by Shibata [8, p. 125]: it seems that the method (Akaike’s
criterion) balances the risk due to the bias when a low or-
der is selected and the risk due to the increase of variance
when a higher order is selected. Broersen [19] confirms this
with: one aspect had been neglected so far: the variance
of the logarithm of the estimated residual variance. This
suggests better criteria containing two components: a bias
correction and a variance evaluation.

III. Bias of the statistic MALL

Because all measurable aspects of the hypotheses are re-
flected by the pdf, the selection of a hypothesis can be done
by selecting one pdf identified by the parameter vector p.

Assume x is a random variable and assume N observa-
tions of xn distributed according to the a priori unknown
pdf g(x). We should derive the theory for conditional pdf’s
like (1). Without loss of generality we derive the theory for
the unconditional pdf g(x) and the reader can easily extend
the theory to the general case. We are going to model g(x)
by f(x;p). Using a finite number of observations we select
the optimal pdf f(x;p∗), using the likelihood of f(x;p)
given N observations x1, x2, ..., xN . This likelihood tends
to decrease with N . To overcome this problem we use the
geometric mean instead:

L∞(p)= lim
N→∞

N

√√√√
N∏

n=1

f(xn;p) (4)

The pdf for which the criterion reaches a maximum is con-
sidered to be the optimal pdf: f(x;p∗). It is convenient to
search for the maximum of l∞(p) instead:

l∞(p) = lim
N→∞

1
N

N∑

n=1

log f(xn;p)

=

∫
g(x) log f(x;p) dx

=E {log f(x;p)}
=E {l(p)}

(5)

where E {l(p)} is the Mean Log Likelihood (MLL). The
MLL measures the acceptability of f(x;p) as an approxi-
mation of g(x). The stochastic single observation logarith-
mic likelihood l(p) = log f(x;p) of the parameter vector p

is merely the value of log f(x;p) selected by x; we will use
the term stochastic log likelihood instead. This stochastic

log likelihood is a random function with a mean (the MLL-
function), a variance, a pdf and so on. All techniques to
determine the properties of random variables can be ap-
plied to these stochastic log likelihoods.

Due to the (information theoretical) information inequal-
ity [26, (2.82)] the MLL is bounded by the neg-entropy
−H {x} of the random variable x.

E {log f(x;p)} ≤ E {log g(x)} = −H {x} (6)

This information inequality should not be confused with
the (statistical) information inequality, the Cramèr-Rao-
inequality or Fréchet inequality [22, section 7.3]; this is
another inequality in a closely related field.

Equality holds if and only if f(x;p) = g(x), i.e. if the
true pdf can exactly be modeled. This can only be the
case for p = p

∗; so searching for the vector p
∗ for which the

MLL has a maximum searches for the optimal fit of f(x;p)
to g(x). The method of ML is based on this principle. The
difference between the right- and the left-hand side of the
inequality, which is non negative, is called the Kullback-
Leibler information of discrimination [27, p. 19].

It is doubtful whether g(x) is an element of the set of
pdf’s f(x;p∗) considered. If not, f(x;p∗) 6= g(x) is biased
due to insufficient modeling.

Unfortunately the MLL-function is a priori unknown, so
it has to be estimated by the ALL-function

Ê {l(p)}= 1
N

N∑

n=1

log f(xn;p) (7)

Analogous to the average which is an unbiased statistic
to estimate the mean, the ALL is for every value of p an
unbiased statistic to estimate the MLL.

The Maximum of the Mean Log Likelihood function
(MMLL) E {l(p∗)} can be estimated by replacing p in the
ALL-function by the ML-estimate p̂ of p

∗; the resulting
statistic in called the Maximum of the Average-Log Like-
lihood (MALL). This MALL is biased with respect to the
MMLL due to the finite number of observations. We will
approximate this bias in appendix B by error propagation:

E
{
Ê {l(p̂)}

}
≈E {l(p∗)} + dimp

∗

2N (8)

where dimp
∗ is the dimension, i.e. the number of elements,

of p
∗. The correction proposed by Akaike is two times this

correction.
Akaike introduced in his landmark paper a loss and risk

function [3, eqn. (3.2)], except for a minus sign, this func-
tion is proportional to the mean expected log likelihood in-
troduced by Sakamoto [5] (left-hand side):

E
{

E {l(p)}|
p=bp

}
≈E {l(p∗)} − dimp

2N (9)

To find the model with the optimal number of parame-
ters Akaike and Sakamoto search for the dimension of the
parameter vector p which leads to a maximum mean ex-
pected log likelihood. It is curious that by substituting
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1

H H

ALL-ratio
MLL-ratio η

0 11

Fig. 1. The probability of erroneously selecting HJ . ∆MLL is posi-
tive, so HJ is more likely then HI .

p̂ the method of model selection is implicitly part of the
criterion to select the model.

Akaike estimates the mean expected log likelihood by
the statistic MALL. Combining (8) with (9) leads to the
conclusion that this statistic MALL is biased by dimp/N
with respect to the mean expected log likelihood; conse-
quently he finds λ = 1. We use the same statistic MALL,
but we aim to estimate the MMLL instead and find a bias
of dimp/(2N) (λ = 1

2 ). Akaike’s correction in his land-
mark publication is correct, but we think that his choice
for the loss and risk function is doubtful.

IV. Testing hypotheses

A method to test composite hypotheses to replace the
Akaike criterion will be proposed in this section. First we
study testing two hypotheses with and without a priori
preference; thereafter the principle will be extended to-
wards testing composite hypotheses.

A. Testing two hypotheses with a priori preference

Assume two hypotheses: the null-hypothesis HI repre-
senting a simple model and the alternative hypothesis HJ

representing a more complicated model. Both hypotheses
represent a pdf: fI(x) and fJ(x), which are both model-
ing the true pdf g(x). In most applications we want to
keep the models as simple as possible, so we have an a
priori preference for simple models unless the complicated
model is significantly more likely. This means we have an
a priori preference for the null-hypothesis, unless the alter-
native hypothesis is significantly more likely. The essential
question is: what do we mean by significantly more likely?

To construct a likelihood-ratio test we define the stochas-
tic single observation logarithmic likelihood-ratio, we will
use the term stochastic log likelihood-ratio instead:

4l
IJ

= lJ − lI (10)

α ηhigh/σ
0.5 % 2.576
1.0 % 2.327
2.0 % 2.054
5.0 % 1.645

10.0 % 1.282
20.0 % 0.841

TABLE III

The threshold ηhigh as a function of the false alarm

probability α in case of a normal distribution.

If the Difference in Mean Log-Likelihood (∆MLL1), i.e. the
mean of the stochastic log likelihood-ratio, is positive, the
alternative-hypothesis is more likely, otherwise the null-
hypothesis is more likely.

We use the Difference in Average Log-Likelihood

(∆ALL), based on N independent observations Ê
{
4l

IJ

}

as an unbiased test statistic. Due to the central limit theo-
rem for large N the distribution of the statistic ∆ALL con-
verges to a normal distribution with the ∆MLL as mean.

We split the range of the outcomes of this statistic into
two intervals:

Ê
{
4l

IJ

}
<ηhigh accept HI

Ê
{
4l

IJ

}
≥ ηhigh accept HJ

(11)

where ηhigh is a positive constant; the threshold. Making
ηhigh larger means that we want to be more certain before
rejecting HI .

We choose a threshold such that the probability of er-
roneously selecting HJ instead of HI , an error of the first
kind or false alarm probability, is smaller than α (Neyman-
Pearson). The ∆MLL is unknown, though it is positive if
the correct decision is to accept HJ and negative if the cor-
rect decision is to accept HI . The most critical test occurs
if ∆MLL approaches zero and both hypotheses are equally
likely. In this case the correct hypothesis is selected by the
preference. Then the probability of erroneously selecting
HJ instead of the preferred hypothesis HI is:

α =

∫ ∞

ηhigh

1√
2πσ

e−
1

2

x
2

σ2 dx (12)

Evaluating the inverse function we conclude that for every
upper-bound α there exists an σ dependent ηhigh (see table
III). To determine the threshold ηhigh we have to know
σ. We estimate σ from observations of the stochastic log
likelihood-ratio:

σ̂2 = V̂AR
{

Ê
{
4l

IJ

}}
= 1

N V̂AR
{
4l

IJ

}
(13)

where V̂AR {. . .} means a statistic to estimate the variance

1In related work we used the term MLL-ratio instead. This term
does note correctly represent the order in which the operations divide
the likelihoods, take the logarithm and take the mean are performed.
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and where

V̂AR
{
4l

IJ

}
=

N
N−1



 1
N

N∑

n=1

(
log fI (xn)

fJ (xn)

)2

−

(
1
N

N∑

n=1

log fI(xn)
fJ (xn)

)2




(14)
In non-critical tests the probability of erroneously selecting
HJ will be smaller then α because ∆MLL differs signifi-
cantly from zero.

B. Testing two hypotheses without a priori preference

To test without a priori preference, the result should
be independent of exchanging the roles of the hypotheses
HI and HJ . Accepting HI unless HJ is significantly more
likely the threshold should be ηhigh and accepting HJ un-
less HI is significantly more likely the threshold should be
ηlow. Consequently if the test statistic has a value between
ηlow and ηhigh the hypotheses are indistinguishable. For
that reason we split the range of the test statistic into three
intervals:

Ê
{
4l

IJ

}
≤ ηlow accept HI

ηlow < Ê
{
4l

IJ

}
≤ ηhigh indistinguishable

ηhigh < Ê
{
4l

IJ

}
accept HJ

(15)

Decreasing ηlow or increasing ηhigh means that we want
to be more certain before selecting any of the hypotheses.
We can make the false alarm probability infinitely small by
accepting a large probability on no decision at expense of
a decreased probability on a correct decision.

C. Testing two composite hypotheses with a priori prefer-
ence

We can solve the problem of testing two composite hy-
potheses with a priori preference by the method as pro-
posed in section IV-A. We can test the two composite hy-
potheses as if they were ordinary hypotheses; i.e. if p

∗
I and

p
∗
J were a priori known. Substituting the ML-estimates

p̂I and p̂J instead, the maximum of the ALL-function is
a biased estimate of the maximum of the MLL-function.
This bias is always positive and increases monotonically
with the size of the parameter vector (number of inde-
pendently adjustable parameters) (8). This bias disturbs
our log likelihood-ratio test, so we have to compensate for
it. The test statistic Difference in Maximum Average Log-
Likelihood (∆MALL) is biased:

BIAS
{

Ê
{
4l

IJ
(p̂I , p̂J )

}}
= dim bpJ−dim bpI

2N (16)

where
4l

IJ
(p̂I , p̂J) = lJ (p̂J ) − lI(p̂I) (17)

The range of the test statistic can be split as in (11).
Due to the central limit theorem we would also expect

that this statistic has for large N approximately a normal
distribution. If ∆MMLL is large, i.e. if the error caused by

the estimation of p
∗ is negligible with respect to ∆MMLL,

this is a reasonable approximation. This situation corre-
sponds with the non-critical test.

Nevertheless if this ∆MMLL approaches zero, which is
the case in the critical test, the error caused by the estima-
tion of p

∗ by p̂ dominates. This is the case if HI is con-
tained in HJ and both hypotheses sufficiently model the

AR-process. Now the test-statistic 2N Ê
{
4l

IJ
(p̂I , p̂J)

}

is for N → ∞ approximately chi-squared distributed with
(dim p̂J − dim p̂I) = J − I degrees of freedom [28], [29].
This distribution has a lower-bound so HJ always seems to
be more likely than HI :

Ê
{
4l

IJ
(p̂I , p̂J )

}
≥ 0 (18)

The mean of the distribution equals the bias:

E
{
Ê
{
4l

IJ
(p̂I , p̂J)

}}
=

BIAS
{
Ê
{
4l

IJ
(p̂I , p̂J)

}}
= J−I

2N

(19)

and the variance of the distribution is known:

VAR
{

Ê
{
4l

IJ
(p̂I , p̂J )

}}
= J−I

2N2 (20)

The chi-squared approximation is confirmed by the excel-
lent correspondence of the simulation results with the the-
ory. Both the experimentally determined ∆MALL and ex-
perimentally determined standard error of ∆MALL corre-
spond to the theoretical outcome for a wide range of N
(see table IV respectively V). The different behavior for
the limit N → ∞ can be observed by comparing the nor-
mally distributed statistic for the non-critical test with the
chi-squared distributed statistic for the critical case. In
table IV ∆MALL converges in the non-critical cases to
a non-zero limit, ∆MMLL, and converges in the critical
cases like N−1 towards zero. In table V we observe that
the standard error converges like N−1/2 in the non-critical
test. In critical tests the standard error converges like N−1

! This phenomenon is caused by the two contributions to
the standard error: p̂ converges like N−1/2 to p

∗ and the
ALL-function converge like N−1/2 to the MLL-function;
so the MALL converges like N−1 to the MMLL. In a non-
critical test ∆MMLL is relatively large, so the convergence
of p̂ to p

∗ hardly influences the ∆MALL. Therefore the
standard error converges in non-critical tests as usual like
N−1/2 !

The differences in the distribution of ∆MALL between
the critical and the non-critical test have consequences for
the choice of ηhigh. Now ηhigh should be based on the chi
squared distribution and can be solved from the equation:

α =

∫ ∞

2Nηhigh

xk−1e−
1

2
x

Γ(k)2k dx (21)

where
k = 1

2 (J − I) (22)

The resulting values of 2Nηhigh can be found in table VI.
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non-critical critical
N I 0 0 0 1 1 2

J 1 2 3 2 3 3
simulation results

10 .0872±.1078 .1441±.1349 .2020±.1594 .0569±.0809 .1148±.1179 .0579±.0850
100 .0508±.0312 .0558±.0318 .0607±.0327 .0049±.0070 .0099±.0098 .0050±.0069

1000 .0476±.0099 .0481±.0100 .0486±.0100 .0005±.0007 .0010±.0010 .0005±.0007
theoretical values

10 .0500 .1000 .0500
100 .0050 .0100 .0050

1000 .0005 .0010 .0005

TABLE IV

The estimated ∆MALL, bE
n
4l

IJ
(bpI , bpJ )

o
, averaged over 10,000 observations and its standard error estimated from the same

10,000 observations, in case of testing an Ith order AR-model against a Jth order AR-model. We may consider the

right-hand side of the ± sign divided by 100 as an accuracy of the left-hand side. The data are generated by a 1st order

AR-process: xn = 0.3 xn−1
+ εn. The statistic ∆MALL converges to a non-zero limit, ∆MMLL, in the non-critical tests

(left-hand side of the table) and converges like N−1 towards zero in the critical tests right-hand side. The standard

error is in the critical test approximately equal to (J − I)/(2N) (see (20)).

non-critical critical
N I 0 0 0 1 1 2

J 1 2 3 2 3 3
simulation results

10 .0873±.0602 .1211±.0608 .1457±.0613 .0721±.0544 .1112±.0593 .0733±.0564
100 .0288±.0096 .0303±.0093 .0317±.0091 .0078±.0059 .0122±.0064 .0078±.0059

1000 .0094±.0010 .0095±.0010 .0095±.0010 .0008±.0006 .0013±.0007 .0008±.0006
theoretical values

10 .0707 .1000 .0707
100 .0071 .0100 .0071

1000 .0007 .0010 .0007

TABLE V

The estimated standard error of ∆MALL, SE
n

bE
n
4l

IJ
(bpI , bpJ )

oo
, according to (13) averaged over 10,000 observations and

its standard error estimated from the same 10,000 observations in case of testing an Ith order AR-model against a Jth order

AR-model. Notice, the standard error is estimated from one observation and averaged over 10,000 observations. The data

are generated by a 1st order AR-process: xn = 0.3 xn−1
+ εn. The standard error converges like N−1/2 in the non-critical

tests (left-hand side of the table) and like N−1 in the critical tests right-hand side. The standard error is in the critical

test approximately equal to theoretical standard error of the chi-squared distribution ((J − I)/(2N))1/2 (see (20)).

2Nηlow 2Nηhigh

α 1 2 3 1 2 3
0.5 % 0.000 0.010 0.072 7.879 10.597 12.838
1.0 % 0.000 0.020 0.115 6.635 9.210 11.345
2.0 % 0.001 0.040 0.185 5.412 7.824 9.837
5.0 % 0.004 0.103 0.352 3.841 5.991 7.813

10.0 % 0.016 0.211 0.584 2.706 4.605 6.251
20.0 % 0.064 0.446 1.005 1.642 3.219 4.642

TABLE VI

The threshold ηlow respectively ηhigh as a function of the

false alarm probability α in case of a chi-squared

distribution with 1, 2 and 3 degrees of freedom.

D. Testing two composite hypotheses without a priori pref-
erence

In this case we consider the method of section IV-B using
the distribution of section IV-C.

The threshold ηlow can be solved from the equation:

α =

∫ 2Nηlow

0

xk−1e−
1

2
x

Γ(k)2k dx (23)

The resulting values of 2Nηlow can be found in table VI.

V. Simulations

Now we have a theory for testing two composite hypothe-
ses with and without a priori preference we want to ver-
ify our theory by simulations. We present our simulations
in table VII to table VIII. We compare the results using
Akaike’s and Bhansali’s criterion and our method in case
of a 1st order AR-process: xn = 0.3 xn−1 + εn (see table
VII).

If the correction on the statistic ∆MALL is a bias cor-
rection and the distribution of the statistic is symmetrical,
there should be no preference for any of the hypotheses.
In Bhansali’s case, where we have a correct bias correction
of the test statistic, we would expect a fifty-fifty distribu-
tion. The deviations from the fifty-fifty distribution are
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Akaike, N = 10
I J 0 1 2 3
0 30.8 25.4 22.0
1 69.2 18.5 17.3
2 74.6 81.5 18.7
3 78.1 82.7 81.3

Bhansali, N = 10
0 1 2 3

48.5 52.2 53.6
51.5 35.0 41.4
47.8 65.0 34.7
46.4 58.6 65.3

1%, N = 10
0 1 2 3

3.8 3.4 3.5
0.7 1.5 2.0
0.7 1.0 1.8
0.5 1.0 0.9

5%, N = 10
0 1 2 3

14.0 12.1 11.8
3.8 6.7 7.2
3.1 4.6 6.7
3.1 4.2 4.9

20%, N = 10
0 1 2 3

36.2 33.6 33.0
13.7 23.1 24.8
13.3 18.3 22.8
13.1 17.9 18.6

Akaike, N = 100
I J 0 1 2 3
0 94.0 88.8 82.6
1 6.0 15.3 13.4
2 11.2 84.7 15.8
3 17.4 86.6 84.2

Bhansali, N = 100
0 1 2 3

97.5 96.5 95.3
2.6 31.6 36.5
3.5 68.4 31.6
4.7 63.5 68.4

1%, N = 100
0 1 2 3

67.5 56.8 49.0
0.0 0.9 1.0
0.0 0.8 0.9
0.0 1.1 1.1

5%, N = 100
0 1 2 3

85.1 77.5 72.2
0.1 4.9 4.6
0.1 5.0 4.8
0.1 5.3 5.3

20%, N = 100
0 1 2 3

95.2 92.1 88.9
0.3 19.4 19.7
0.4 20.4 20.0
0.6 20.5 20.0

Akaike, N = 1000
I J 0 1 2 3
0 100 100 100
1 0.0 16.5 13.5
2 0.0 83.5 15.6
3 0.0 86.5 84.4

Bhansali, N = 1000
0 1 2 3

100 100 100
0.0 32.2 37.2
0.0 67.8 31.6
0.0 62.8 68.4

1%, N = 1000
0 1 2 3

100 100 100
0.0 1.0 1.0
0.0 1.2 1.0
0.0 1.0 1.1

5%, N = 1000
0 1 2 3

100 100 100
0.0 5.1 4.8
0.0 4.9 5.1
0.0 4.8 4.9

20%, N = 1000
0 1 2 3

100 100 100
0.0 20.4 20.6
0.0 19.4 19.9
0.0 19.3 19.8

TABLE VII

The estimated probability (percentage) on selection of the higher order model (above the diagonal I = J) and the

estimated probability on selecting the lower order model (beneath the diagonal) in case of testing the Ith order AR-model

against the Jth order AR-model using the criteria of Akaike λ = 1 and Bhansali λ = 1

2
and using our method and accepting a

false alarm probability α = 1%, 5% or 20%. The probabilities are estimated using 10.000 simulation using N observations of

the 1st order AR-process xn = 0.3 xn−1
+ εn. The sum of entry (I, J) and entry (J, I) do not always add up to 100%. In the

remaining cases the models are considered to be indistinguishable and the model selection is done by a priori preference. In

the 0th column and 0th row the percentages deviate severely from α because the 0th order model insufficiently models the

1st order process. In this case there is an obvious preference for the higher order model (above the diagonal).

1%, N = 10
I J 0 1 2 3 4 5
0 23.9 17.8 15.0 15.0 15.7
1 0.3 1.3 1.8 3.0 4.7
2 0.3 1.0 1.8 3.1 4.9
3 0.3 0.8 0.9 3.1 4.8
4 0.3 1.0 0.6 0.8 4.0
5 0.2 0.7 0.8 0.7 0.8

5%, N = 10
0 1 2 3 4 5

44.5 36.8 33.2 32.1 32.8
1.1 6.1 6.9 9.7 12.7
1.3 5.1 7.1 9.8 13.4
1.3 4.7 4.7 9.7 13.1
1.1 4.1 4.4 4.2 11.4
1.0 3.6 3.7 3.5 4.0

20%, N = 10
0 1 2 3 4 5

68.8 62.1 59.0 58.2 58.7
5.1 21.3 23.5 27.8 32.0
5.5 19.9 23.5 28.0 32.5
5.4 18.3 18.6 27.3 32.1
5.0 16.6 16.6 17.6 28.8
5.0 14.9 14.8 14.9 16.6

1%, N = 100
I J 0 1 2 3 4 5
0 99.9 99.8 99.7 99.4 99.1
1 0.0 1.6 1.3 1.2 1.1
2 0.0 0.9 0.9 0.8 0.9
3 0.0 0.9 1.1 1.0 1.0
4 0.0 0.9 0.9 1.1 0.9
5 0.0 0.9 1.2 1.1 0.8

5%, N = 100
0 1 2 3 4 5

100 100 99.9 99.9 99.8
0.0 6.6 5.9 5.6 5.3
0.0 4.9 4.8 4.7 4.7
0.0 4.6 4.8 5.1 4.9
0.0 4.9 4.9 5.4 4.7
0.0 4.6 5.0 4.9 5.0

20%, N = 100
0 1 2 3 4 5

100 100 100 100 100
0.0 22.9 21.8 21.4 21.1
0.0 18.6 19.8 19.8 19.6
0.0 19.1 20.1 20.3 20.0
0.0 19.3 20.1 20.1 19.9
0.0 18.6 19.7 19.5 19.6

1%, N = 1000
I J 0 1 2 3 4 5
0 100 100 100 100 100
1 0.0 15.9 10.8 8.4 7.1
2 0.0 0.4 1.1 1.0 1.1
3 0.0 0.3 1.1 1.0 1.1
4 0.0 0.3 1.0 1.2 1.0
5 0.0 0.4 1.0 1.1 0.9

5%, N = 1000
0 1 2 3 4 5

100 100 100 100 100
0.0 34.3 27.0 22.9 20.3
0.0 1.6 5.2 4.9 5.0
0.0 1.8 4.9 4.8 4.8
0.0 1.8 4.8 5.3 5.0
0.0 1.7 5.3 5.3 5.0

20%, N = 1000
0 1 2 3 4 5

100 100 100 100 100
0.0 60.4 52.8 48.8 46.1
0.0 6.7 20.2 19.8 20.0
0.0 6.9 19.4 19.7 19.6
0.0 8.0 20.3 20.3 19.9
0.0 8.8 20.2 20.5 19.9

TABLE VIII

As table VII but for the 2nd order AR-process xn = 0.55 xn−1
+ 0.05 xn−2

+ εn

mainly caused by the asymmetry of the chi-squared dis-
tribution of ∆MALL. Given the chi-squared distribution

Pr
{
Ê
{
4l

IJ
(p̂I , p̂J)

}
> J−I

2N

}
= 31.9% for I − J = 1 and

= 36.8% for I − J = 2. These results are confirmed by the
simulations (see table VII). The disappointing results of
Bhansali with respect to Akaike as stated by Akaike [4, p.
720] ) are caused by the larger probability on selecting a

higher order model.

The test statistic (17) in the critical test converges for
N → ∞ properly to zero (see table IV). The standard
error of this statistic converges as N−1 towards zero (see
table V). So the test statistic is consistent.

In case of testing two composite hypotheses with a priori
preference for the hypothesis with the smallest number of
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xn = 0.8 xn−1
+ εn

N=10 0 1 2 ≥ 3
Akaike 13.5 71.0 12.3 3.2
Bhansali 7.7 60.4 20.0 11.9
1% 40.9 58.1 1.0 0.0
5% 24.1 71.2 4.4 0.4
20% 11.3 68.7 14.7 5.2
N=100
Akaike 0.0 84.2 13.5 2.3
Bhansali 0.0 68.6 21.7 9.7
1% 0.0 99.0 1.0 0.0
5% 0.0 95.1 4.7 0.2
20% 0.0 79.8 16.1 4.0
N=1000
Akaike 0.0 83.7 13.7 2.5
Bhansali 0.0 67.4 21.8 10.9
1% 0.0 99.0 1.0 0.0
5% 0.0 95.2 4.6 0.2
20% 0.0 79.4 16.7 4.0

xn = 0.3 xn−1
+ εn

0 1 2 ≥ 3
69.2 25.2 4.7 1.0
51.5 31.3 11.1 6.1
96.2 3.8 0.0 0.0
86.0 13.1 0.9 0.0
63.8 27.9 6.4 1.9

6.0 79.7 12.1 2.2
2.6 66.7 21.2 9.6

32.5 67.0 0.5 0.0
14.9 81.0 3.8 0.3
4.9 76.8 14.7 3.7

0.0 83.5 14.0 2.5
0.0 67.8 22.5 9.7
0.0 99.0 1.0 0.0
0.0 94.9 4.8 0.3
0.0 79.6 16.6 3.8

xn = −0.3 xn−1
+ εn

N=10 0 1 2 ≥ 3
Akaike 68.0 25.9 4.9 1.2
Bhansali 50.3 32.5 11.2 6.0
1% 95.9 4.0 0.1 0.0
5% 85.6 13.3 1.0 0.1
20% 63.0 28.3 6.5 2.2
N=100
Akaike 5.4 79.8 12.7 2.2
Bhansali 2.0 66.7 21.7 9.6
1% 32.2 67.1 0.7 0.0
5% 14.4 81.3 4.2 0.2
20% 4.0 76.6 15.8 3.7
N=1000
Akaike 0.0 84.3 13.1 2.6
Bhansali 0.0 68.3 21.6 10.2
1% 0.0 99.0 1.0 0.0
5% 0.0 95.0 4.7 0.3
20% 0.0 80.3 15.6 4.1

xn = −0.8 xn−1
+ εn

0 1 2 ≥ 3
12.8 71.4 12.7 3.1
7.4 60.7 20.3 11.6

40.1 58.9 1.0 0.0
23.0 71.6 5.0 0.5
10.7 69.2 15.2 4.9

0.0 68.1 21.4 10.5
0.0 84.0 13.7 2.3
0.0 99.1 0.9 0.0
0.0 95.2 4.5 0.2
0.0 79.6 16.5 4.0

0.0 84.4 13.0 2.6
0.0 68.6 21.6 9.8
0.0 99.0 1.0 0.0
0.0 95.0 4.7 0.3
0.0 80.3 15.7 4.0

TABLE IX

The experimentally determined probability on selecting an

Ith order AR-model, based on 10,000 order estimations,

given N samples of a 1st order AR-process. The order is

estimated according to Akaike’s method λ = 1, Bhansali’s

method λ = 1

2
and our method as a function of the

probability α on selecting a to high order.

independently adjustable parameters we see for all three
values of the false alarm probability α satisfactory results.
Notice that ηlow and ηhigh converge like N−1 to keep α
constant.

Interesting is the minimal ∆MMLL which is necessary to
reliably select the more complex hypothesis. The standard
error of ∆MALL in table V is an indication for this differ-
ence. For example; to prefer the (I + 1)th order AR-model
above Ith you need a ∆MMLL of 0.0707 for N = 10, 0.0071
for N = 100 and 0.0007 for N = 1000 (see table IV).

VI. Order estimation

Now that we have a reliable method to test composite
hypotheses we can construct a method to select the order
of an AR-process. We test an Ith order AR-model against
an (I + 1)th order AR-model for increasing I till the Ith

order model is preferred above the (I + 1)th order model.
The last value of I is considered to be the AR-model order.

The pairs of hypotheses are tested with a priori preference
for the Ith order model. This method of testing is called
sequential testing.

The results using our criterion for different values of α are
compared with the results using Akaike’s and Bhansali’s
criterion using the same sequential testing method (see ta-
ble IX and X). The comparison with the normally used set
testing is made in [30]. For a further discussion see section
VIII. The observed false alarm probability is for large N
mostly in agreement with the chosen value of α. Only if
∆MMLL of the Ith order model and the (I + 1)th order
model is small we observe for small N that the Ith order
model is selected instead of the (I + 1)th order model al-
though the (I+1)th order model is the correct model. So for
this value of N both models are indistinguishable and the
lower order model is selected instead of the correct model.
This effect can be studied in table IX; for xn = 0.8 xn−1+εn

the probability of estimating a 2nd or 3rd order model
agrees with the chosen value of α. If ∆MMLL between the
0th order model and the 1st order model becomes small,
which is the case for xn = 0.3 xn−1 + εn, the 0th order
model and the 1st order model become indistinguishable
for low N . As a result often a too low order is selected and
the probability of selecting a 2nd or higher order model be-
comes smaller than α. A similar effect can be observed in
table X for the model xn = 0.55 xn−1 + 0.05 xn−2 + εn

Comparing our method with Akaike’s method is diffi-
cult because we have a tuning parameter α. Whether our
method performs better depends on the selected value of α.
The main advantage is in the a priori selection of the false
alarm probability, which is enabled by our method. If we
select a small value of α (α = 1%) our method performs for
large N (N=1000), except for the cases in which the models
are more or less indistinguishable, significantly better i.e.
there is a higher probability of selecting the correct order.

VII. Consistency

Is the Akaike criterion consistent? Glymour et. al [11]
conclude that consistency is one of the criteria to be ful-
filled; Shibata [8], Schwartz [31] and Kashyap [32] observe
that Akaike’s criterion (AIC) is generally not consistent.
Steinberg and Franke [13] state: a turning point from con-
sistency to inconsistency is demarcated by a criterion called
HAN, derived by Hannan and Quinn [16]. In the literature
exists some confusion about consistency. What do we mean
by consistent?

We distinguish:

• consistency of a statistic,
• consistency of the criterion itself and
• consistency of the model selected by the criterion.

Consistency of a statistic is a well-known property which
is properly defined in the literature [33, p. 301].

The value of the criterion can be interpreted as a statis-
tic. In our case GIC

(
1
2

)
is a statistic to estimate the en-

tropy. For λ = 1
2 the hypotheses have approximately equal

GIC and converges to the entropy; so the value of the cri-
terion seems to be consistent. Consistency of the value of
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xn = 0.55xn−1
+ 0.05xn−2

+ εn

N=10 0 1 2 3 4 ≥ 5
Akaike 35.6 53.4 9.0 1.6 0.3 0.1
Bhansali 22.9 51.2 16.5 5.7 2.1 1.6
1% 76.1 23.6 0.3 0.0 0.0 0.0
5% 55.6 41.5 2.7 0.2 0.0 0.0
20% 31.2 53.9 11.4 2.6 0.6 0.3
N=100
Akaike 0.0 81.5 15.8 2.3 0.4 0.1
Bhansali 0.0 65.2 24.1 7.4 2.3 1.1
1% 0.1 98.4 1.5 0.0 0.0 0.0
5% 0.0 93.4 6.3 0.3 0.0 0.0
20% 0.0 77.1 18.5 3.5 0.8 0.2
N=1000
Akaike 0.0 45.0 46.3 7.4 1.2 0.2
Bhansali 0.0 29.2 48.3 15.3 5.0 2.2
1% 0.0 84.2 15.7 0.2 0.0 0.0
5% 0.0 65.7 32.6 1.7 0.1 0.0
20% 0.0 39.6 48.0 9.9 2.1 0.5

xn = 0.75xn−1
− 0.50xn−2

+ εn

0 1 2 3 4 ≥ 5
37.0 22.5 32.8 5.8 1.3 0.7
17.8 18.2 41.0 13.4 5.0 4.5
92.0 7.0 1.0 0.0 0.0 0.0
69.2 18.9 10.9 0.9 0.1 0.0
30.1 21.4 37.0 8.1 2.4 1.2

0.0 0.0 84.8 12.9 2.0 0.3
0.0 0.0 68.2 21.8 7.0 3.0
0.0 0.4 98.7 0.9 0.0 0.0
0.0 0.1 95.2 4.5 0.2 0.0
0.0 0.0 80.3 16.0 2.9 0.7

0.0 0.0 84.1 13.5 2.0 0.5
0.0 0.0 68.2 21.9 6.9 3.1
0.0 0.0 99.0 1.0 0.0 0.0
0.0 0.0 94.9 4.9 0.2 0.0
0.0 0.0 79.8 16.6 2.9 0.8

xn = 0.75xn−1
− 0.50xn−4

+ εn

0 1 2 3 4 ≥ 5
4.4 25.6 24.8 13.1 22.9 9.3
2.3 18.7 16.4 10.5 29.2 23.0

21.5 38.7 33.3 5.0 1.4 0.1
9.0 34.8 34.2 11.4 9.4 1.3
3.6 23.1 22.1 12.6 26.0 12.6

0.0 0.7 0.0 0.0 84.0 15.4
0.0 0.3 0.0 0.0 68.5 31.2
0.0 2.8 0.5 0.7 95.1 1.0
0.0 1.3 0.2 0.1 93.8 4.7
0.0 0.5 0.0 0.0 79.9 19.6

0.0 0.0 0.0 0.0 84.2 15.9
0.0 0.0 0.0 0.0 68.6 31.4
0.0 0.0 0.0 0.0 99.0 1.0
0.0 0.0 0.0 0.0 95.0 5.0
0.0 0.0 0.0 0.0 80.0 20.0

TABLE X

As table IX for two 2nd and one 4th order AR process.

the criterion implies nothing with respect to the selected
AR-model order. Interpreting λdim p̂/N as a correction
for the N dependent bias, Bhansali’s choice λ = 1

2 is to be
preferred over Akaike’s choice λ = 1. In case of entropy
estimation this was already theoretically derived by Miller
[24] and confirmed [34], [35].

Many authors write the consistency of the criterion [13]
and mean the consistency of the model selected by the cri-
terion. This problem can be compared with the ergod-
icity of a processes [36, pp. 254-254]. Papoulis states
The topic of ergodicity deals with the underlying ideas and
the term ergodicity has several interpretations. Papoulis
distinguishes: mean-ergodicity, distribution-ergodicity and
correlation-ergodicity. Similar to ergodicity, which is de-
fined for properties of a stochastic process we can also de-
fine consistency with respect to properties of the selected
model. Some relevant properties are:

• the selected AR-model order,
• the estimated parameters (AR-coefficients),
• the probability of selecting a too high AR-model

order,
• the probability of selecting a too low AR-model

order and
• the overall model consistency.

With overall model consistency we mean that for large
enough N the estimated model pdf f(x; p̂) converges to
the correct pdf g(x); this implies that all properties of the
model converge to the correct properties. Overall model
consistency is not a necessary condition to consistently es-
timate the AR-order.

The selected AR-model order using our method becomes
consistent if we select the false alarm probability α by an
arbitrary decreasing function of N such that α converges
to zero for N → ∞.

Akaike’s criterion (see table VII ) has, if both models
sufficiently model the reality, a clear preference for the
hypothesis with the smaller number of independently ad-

justable parameters. We would expect that for increasing
N the false alarm probability would decrease. As Broersen
mentioned with respect to AR-model order estimation [6]:
Shibata [8], however, showed that the asymptotic distribu-
tion of the optimal AIC order is not consistent; a probabil-
ity greater than 15% remains that the order will be selected
that is higher than the true process order. These results are
confirmed by table VII. These results are also confirmed
by the theory. Given the chi-squared distribution of the

test statistic Pr
{
Ê
{
4l

IJ
(p̂I , p̂J)

}
> J−I

N

}
= 15.7% for

I − J = 1 and = 13.5% for I − J = 2. The probabil-
ity on selecting a too high order using GIC depends on λ:
Bhansali 31.7% (λ = 1

2 ), Akaike 15.7% (λ = 1) and Åström
4.6% (λ = 2). So the remaining probability for N → ∞ of
estimating a too large AR-order using AIC of GIC is fully
explained. The probability of selecting a too high order
seems to consistently converge to the theoretical value.

VIII. Sequential testing versus set testing

In AR-order estimation there exist two essentially dif-
ferent approaches with respect to testing hypotheses: se-
quentially testing and set testing. Our method prescribes
sequential testing as presented in section VI. In case of the
Akaike criterion or GIC, the method the order in which the
tests are to be performed is not described, although this is
essential information for the result. Most researchers use
set testing, they compute GIC (λ) for all orders up to a
certain maximum candidate order L and select the order
with smallest GIC. Using sequential testing the AR-model
order corresponding to the first local minimum of the cri-
terion will be selected. Set testing selects the AR-order
corresponding to the absolute minimum as a function of
the model order given a certain upper bound L.

Although many researchers think otherwise, sequential
testing is to be preferred above sequential testing. The-
oretically the MMLL is a not decreasing (increasing of
flat) function. Adding superfluous parameters never de-
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creases the MMLL. Consequently spurious local minima
of the MALL can only be caused by statistical fluctua-
tions. Notice that the bias is also an increasing function
(8), so the bias correction is decreasing. Over compensa-
tion for bias creates an absolute maximum of the bias cor-
rected MALL function; this corresponds with a minimum
of GIC (λ) where λ > 1

2 . The position of this absolute
maximum highly depends on the chosen value of λ, i.e. the
over-compensation for bias.

What is the meaning of the first local maximum of the
MALL? At the first local maximum the estimation error is
in the same order of magnitude as the increase in MMLL
between the Ith and (I + 1)st model, i.e. the improvement
of the model is negligible with respect to the estimation
noise. Consequently the models are indistinguishable.

AR-models with a few zero-valued coefficients are used as
an argument to prefer set testing. To verify the behavior of
our algorithm we have investigated a 4th order AR-model
where a2 = a3 = 0: xn = 0.75 xn−1 − 0.50 xn−4 + εn

(see table X). Even under these circumstances our method
using sequential testing finds for large enough N the correct
AR-order. This suggest that the performance of existing
criteria can be enhanced by using sequential testing instead
of set testing [37]. Only if the MMLL is an increasing
function with a large plateau, sequential testing can be
justified.

Broersen [19] states: the influence of L is very important
for all asymptotical criteria, and remains a nuisance for the
finite sample criteria. The value of λ in case of set testing
should depend on L. Assume we increase L by adding a
superfluous parameter. There is a finite probability that
the AR-order corresponding to this superfluous parameter
will be selected. To keep the probability on selecting a too
high order constant, the probability on selecting any other
model containing superfluous parameters should decrease.
Therefore the value of λ should increase and depends there-
fore on L. This problem is extensively investigated in [30].
In theory our method has no parameter L; writing a com-
puter program an upperbound L is, for example due to
memory allocation, necessary.

Due to table VI it is obvious that the threshold for com-
paring the Ith order model with the (I+2)th order model is
not simply the sum of the threshold for comparing the Ith

with the (I + 1)th order model plus the threshold for the
(I +1)th with the (I +2)th order model. So any set testing
strategy based on directly using criteria derived for pair
testing will fail! In [30] we present a sophisticated method
to avoid this problem; the resulting GIC-like criterion has
a λ depending on L.

At this moment testing pairs of composite hypotheses
applied to AR-order estimation has already been extended
to:

• testing one composite null hypothesis versus a set
of alternative composite hypotheses; all these alter-
native hypotheses have one additional parameter
[38] and

• testing one composite null hypothesis versus a
set of alternative composite hypotheses having

xn = 0.3xn−1
+ εn

0th versus 1th order
N α 1% 5% 20%
10 95.5 82.2 50.1
100 32.5 14.9 4.5
1000 0.0 0.0 0.0
xn = −0.8xn−1

+ εn

0th versus 1th order
N α 1% 5% 20%
10 40.0 22.7 9.2
100 0.0 0.0 0.0
1000 0.0 0.0 0.0
xn = 0.55xn−1

+ 0.05xn−2
+ εn

0th versus 1th order
N α 1% 5% 20%
10 75.8 54.4 26.1
100 0.0 0.0 0.0
1000 0.0 0.0 0.0
xn = 0.55xn−1

+ 0.05xn−2
+ εn

1st versus 2nd order
N α 1% 5% 20%
10 97.7 88.8 58.8
100 97.3 88.5 58.5
1000 83.7 64.1 32.9

TABLE XI

The risk of indistinguishable AR-models in case of testing

the Ith order AR-model against the (I − 1)th order

AR-model.

1, 2, . . . , L additional parameters [30]

IX. Discussion

Our success in AR-model order estimation is based on
the successful concept of the stochastic log likelihood which
opens a new field of research. The stochastic log likelihood
can be treated as any stochastic signal. A wide range of
methods of signal processing can be applied [39], [40]. Us-
ing whitening filters we can remove the statistical depen-
dence of subsequent observations; this principle has been
used to estimate the variance of a mutual information es-
timator in case of dependent observations [39].

Now we can evaluate why there was a discussion in the
literature about criteria like Akaike’s criterion. Akaike [3],
Bhansali [20], Åström [25] and Broersen [19] were all right
in selecting a criterion with λ ≥ 1

2 . Choosing λ = 1
2 will

give poor results; some additional positive correction is nec-
essary to deal with the variance of the criterion. Given two
AR-models which differ in one additional AR-parameter
the threshold ηhigh according to Akaike will effectively be
set on λ/N . Our choice of ηhigh converges like N−1. So
Akaike’s criterion was not such a bad choice. In a non-
critical test σ̂ behaves like N−1/2, so considerably larger
values of λ depending on N are necessary!

Broersen concluded [19], [21] that the choice λ = 1 re-
duces the probability of under-fit at the cost of over-fit.
From our point of view is the indistinguishability of mod-
els the problem and not under-fitting.

In AR-model order estimation of an Ith order process
you have two risks: the risk of selecting a too high order
and the risk that the (I − 1)th order model becomes indis-
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tinguishable with the Ith order model. Both risks depend
on the same ηhigh. Decreasing the risk of selecting a too
high order automatically results in increasing the risk of in-
distinguishable models. The problem of indistinguishable
models mainly occurs for small N and small α. This means
that for small N in our risk management we have to accept
a higher risk on selecting a too high to avoid indistinguish-
able models. To show this phenomena we have constructed
table XI from table VII–VIII.

X. Conclusions

The correspondence between the theory and the simu-
lations is so good that we consider the AR-model order
estimation problem for low order AR-processes with Gaus-
sian white noise as solved. The test statistic, the ∆MALL,
is in case of the critical test chi-squared distributed. Now
we can focus the research on questions related to risk man-
agement in AR-model order estimation like: Which prob-
ability on selecting a too high or too low AR-model order
is acceptable for our application? How large should the
sample size N be for a good discrimination between two
adjacent AR-model orders? Even minimizing cost function
related to the AR-model order is now possible.

With respect to the criteria AIC and GIC we conclude:
Sequential testing leads to excellent results and set testing
is insuffientciently motivated. Even for large N there is a
remaining probability of selecting a too high order model;
this probability can be computed. In case of set testing
the constant λ in GIC (λ) should depend on the highest
candidate order L. To compare our method with Akaike’s
we need a better understanding of the arguments which
led Akaike to his loss and risk function. In the discussions
about the criteria AIC and GIC we miss, besides the dis-
cussion about bias, the discussion about the variance of
these criteria.

With respect to consistency we should be more careful in
the formulation of what we mean. Investigating different
aspects can lead to different conclusions.

Broersen [19], [21] distinguishes finite samples as a spe-
cial case. Within the scope of our criterion there is no need
to distinguish between finite and infinite samples.

Appendix

I. Implementation details

Broersen [19, p. 234] states: The results of AR model-
ing are known to depend on the true process, the sample
size, the sharpness of the spectral peaks or the location of
the poles, the estimation method, the order selection cri-
terion and the highest candidate order for selection. The
highest candidate order plays no role of importance in se-
quential testing. The details in the simulation method,
especially in the generation of the AR-signal and the es-
timation of the AR-parameters, can severely influence the
results. Therefore we have chosen for a robust and straight
forward method for our simulations to avoid complications
caused by useful and more efficient approximations.

We have generated N + 100 samples yn where −100 <

n ≤ N of the AR-process. The noise ε is white and nor-
mally distributed with zero mean and unit variance. The
first 100 samples are used to avoid boundary effects at the
beginning of the signal. We have used a few samples with
negative indices yn where −I < n ≤ 0 in our estimation
process, so the estimates obtained by the method of max-
imum likelihood are exactly based on N computations of
xn (see (2)).

The AR-parameters are computed exactly as prescribed
by the strict interpretation of the method of maximum like-
lihood, which leads for normally distributed ε to a least
squares approach. No simplifications or approximations to
increase the efficiency of the estimation process are made.
Within this estimation process a covariance matrix of the
signal samples has to be estimated. Although this covari-
ance matrix is Toeplitz (not its estimate) we have estimated
all elements of this matrix separately to guarantee that this
matrix, which has to be inverted, is always positive defi-
nite. So we avoid problems caused by small or negative
eigenvalues of this matrix.

Notice that the number of independently adjustable pa-
rameters is I + 1, so , dimpI = I + 1 because besides the
AR-parameters also the variance of ε has to be estimated.

II. Derivation of approximation (8)

We will approximate the bias of the MALL as a statistic
to estimate the MMLL by error propagation (see eqn. (8)).

We approximate l(p) by a Taylor expansion at p = p
∗

(Akaike [3] expands at the maximum likelihood estimate
i.e. at p = p̂)

l(p)= l(p∗) + l̇(p∗)
T

· (p− p
∗)

+ 1
2 (p− p

∗)T · l̈(p∗) · (p − p
∗) + r(p − p

∗)
(24)

where r(p−p
∗) is an unknown remainder. This remainder

is zero at p = p
∗ and is small if p does not deviate too

much from p
∗. We denote the derivatives of the stochastic

log likelihood with respect to the parameter vector p by
the vector of first order derivatives and matrix of second
order derivatives:

l̇(p∗)=
∂

∂p
l(p)

∣∣∣∣
p=p∗

, l̈(p∗)=
∂

∂p

∂

∂p

T

l(p)

∣∣∣∣
p=p∗

(25)

We are dealing with the ALL-function instead of l(p).
Therefore we estimate the ALL-function by averaging N
stochastic log likelihoods after neglecting the remainder:

Ê {l(p)}≈ Ê {l(p∗)} + Ê
{

l̇(p∗)
}

T

· (p − p
∗)

+ 1
2 (p − p

∗)
T

· Ê
{

l̈(p∗)
}
· (p − p

∗)
(26)

In case of Akaike’s expansion at p = p̂ the linear term
drops out; in our case this term will significantly contribute
to the result.

We search for the maximum of the ALL-function by dif-
ferentiation with respect to p. The value of p for which
this vector of derivatives equals the null vector is the ML-
estimate p̂ of p

∗

p̂=p
∗ − Ê

{
l̈(p∗)

}−1

Ê
{
l̇(p∗)

}
(27)
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If N → ∞, Ê {l(p)} converges converges like O
{
N−1/2

}

to E {l(p)} and similar for its derivatives. At the optimum

E
{

l̇(p∗)
}

= 0; consequently p̂ is an asymptotically unbi-

ased estimate and converges to p
∗.

To compute the value of the maximum we substitute the
ML-estimate (27) into (26) and obtain:

Ê {l(p̂)}≈ Ê {l(p∗)} − T (28)

where

T = 1
2 Ê
{
l̇(p∗)

}
T

· Ê
{

l̈(p∗)
}−1

· Ê
{
l̇(p∗)

}

= 1
2 tr

(
Ê
{
l̇(p∗)

}
· Ê
{
l̇(p∗)

}
T

· Ê
{
l̈(p∗)

}−1
) (29)

Due to (28) the MALL is possibly a biased statistic to esti-
mate the MMLL. To compute this bias we take the expec-
tation T . The expectation of a product of two arguments
can be written as the sum of the product of the expecta-
tions of the individual arguments and the covariance of the
same arguments, i.e. E {ab} = E {a}E {b} + COV {a, b}:

E {T} =

1
2 tr

(
E
{

Ê
{
l̇(p∗)

}
· Ê
{
l̇(p∗)

}
T
}
· E

{
Ê
{
l̈(p∗)

}−1
})

+ 1
2 tr

(
COV

{
Ê
{
l̇(p∗)

}
· Ê
{
l̇(p∗)

}
T

, Ê
{
l̈(p∗)

}−1
})

(30)
Assuming the observations of the stochastic log likelihood
are independent amongst each other:

E
{
Ê
{

l̇(p∗)
}
· Ê
{
l̇(p∗)

}
T
}

= 1
N E

{
Ê
{
l̇(p∗) · l̇(p∗)

T
}}

(31)
where in case of f(x;p∗) = g(x) the statistic

Ê
{

l̇(p∗) · l̇(p∗)
T
}

is a statistic to estimate the Fisher in-

formation matrix E
{

l̇(p∗) · l̇(p∗)
T
}

[41, sect. 8.2]. Equa-

tion (31) leads to the observation that the first term of
(30) converges like O

{
N−1

}
. Due to |COV {a, b}| ≤√

VAR {a}VAR {b} the covariance (second) term of (30)

converges at least as O
{
N−3/2

}
. For large enough N we

may neglect this covariance term with respect to the first
term.

We approximate the matrix of second order derivatives
by:

Ê
{

l̈(p∗)
}

=Ê

{
f̈(p∗)

f(p∗) −
ḟ(p∗)·ḟ(p∗)

T

f(p∗)2

}

=−Ê
{

l̇(p∗) · l̇(p∗)
T

}

·

(
I − Ê

{
f̈(p∗)

f(p∗)

}
· Ê

{
ḟ(p∗)·ḟ(p∗)

T

f(p∗)2

}−1
)

≈−Ê
{

l̇(p∗) · l̇(p∗)
T
}

(32)
where ḟ(p∗) is the vector of first order derivatives and

f̈(p∗) is the matrix of second order derivatives of f(p) =
f(x;p) with respect to p in p

∗.

This is a well-known strategy which is frequently used in
the derivation of the Cramér-Rao-(information)-inequality
[22, section 7.3]. Frequently this approximation reduces to
an equality:

1. If f̈(x;p) = 0.
2. If g(x) = f(x;p∗), this is the case if the true pdf is

a member of the set of pdf’s considered.

To prove the second case we consider the matrix of rel-
ative second derivatives and show that the expectation of
this matrix equals zero:

E

{
f̈(p∗)

f(p∗)

}
=

∫ ∞

−∞

f̈(x;p∗) dx

=
∂

∂p

∂

∂p

T
∫ ∞

−∞

f(x;p∗) dx
(33)

where the last integral equals one.
Finally we substitute approximation (32) into (30),

which leads using (31) after neglecting the covariance term
to

E {T}≈−dimp
∗

2N
(34)

where dimp
∗ is the dimension, i.e. the number of elements,

of p
∗.

To derive the bias correction several mistakes can be
made. For example you can use a linear approximation
instead of the quadratic approximation of (24). This will
lead to an erroneous bias correction of dimp

∗/N .
With the concepts of this appendix the mean expected

log likelihood can easily be approximated. We are dealing
with a true expectation of (26) instead of an average as an
estimate, so the linear term drops out. Substitution of p̂

as in (27) into this expression leads to (9).
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