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Abstract

Information criteria, like Akaike’s, can be applied to AR-order estimations. In recent research we have

indicated that the search strategy by the application of information criteria to Auto-Regressive (AR) order

estimation is essential; there are essentially two different strategies: search the optimal order by the first local

minimum of the criterion, or search the order by the global minimum given a maximum candidate order.

Although the second strategy is mostly used, we will argue and verify by simulations that the first strategy

can give significantly better results.
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I. Introduction

Information criteria, such as Akaike’s (AIC) [1], [2], are widely accepted to estimate the a priori unknown

order of Auto Regressive (AR) processes from observed data [3], [4], [5], [6]. In [7], [8] we noticed that the

way in which these criteria are applied influence the estimated AR-order significantly. In these papers the

Akaike criterion was revised such that the probability α of erroneously selecting a too high order (also

called an error of the first kind or false alarm probability) can a priori be chosen (Neyman-Pearson).

We enhance the performance of existing criteria by modifying the application of those criteria. In

AR-order estimation using the Akaike criterion this is the difference between searching for the absolute

minimum of the criterion or searching for the first local minimum. Our simulations show that for Gaussian

noise and low order AR-models the latter method performs significantly better. Similar results can be

expected for Generalized Information Criteria (GIC) [6].

The AR-order estimation problem is an example of testing composite hypotheses. A composite hypoth-

esis is a simple hypothesis which is specified except for a few parameters, the AR-coefficients, to be esti-

mated [9, chapter 35]. Every hypothesis represents an AR model with a given order. The Akaike criterion

integrates the method of Maximum Likelihood (ML) to estimate the parameters and the likelihood-ratio

test to discriminate these hypotheses.

We distinguish between only testing a pair of hypotheses and testing a finite set of hypotheses. The

theory of testing pairs of hypotheses can not simply be extended to testing sets of hypotheses. We have

to study testing composite hypotheses in detail; as an example we use the Modified Information Criterion

(MIC) 1 as proposed in earlier work [7], [8].

II. Testing composite hypotheses

Assume the stationary and ergodic stochastic signal x, generated by an AR-model, and a sequence of

L + N observations xn where n ∈ [1, L + N ] ⊂ Z and where L is a sufficiently large number of preceding

1IC stands for information criterion and A is added so that similar statistics, BIC, DIC etc., may follow [2]. Similarly the

M of modified is added
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samples. Estimate the generation model of x; i.e. estimate the conditional probability density function

(pdf) of an Ith order AR-model:

fI(xn|xn−1, . . . , xn−I ;pI) = fε(εn;σ) (1)

where I ≤ L, where pI = (a1, . . . , aI , σ) is a parameter vector with dimension dimpI = I+1 independently

adjustable parameters and where

εn = xn + a1xn−1 + a2xn−2 + . . . + aIxn−I (2)

The samples of the noise ε are independently identically Gaussian distributed and the samples of the signal

x are only identically Gaussian distributed. The models with different AR order are called the hypotheses

HI . Given a sequence of observations we determine the AR-order by selection of the best hypothesis.

Assume two composite hypotheses: the null-hypothesis HI(pI) representing a simple model and the

alternative hypothesis HJ(pJ), where 0 ≤ I < J ≤ L, representing a more complicated model. Both

hypotheses model the correct conditional pdf g(xn|xn−1, . . . , xn−K), where K is the AR-order of the

correct model, by a conditional pdf: fI(xn|xn−1, . . . , xn−I ;pI) respectively fJ(xn|xn−1, . . . , xn−J ;pJ).

We select the hypothesis which is significantly more likely. The essential question is: what do we mean

by significantly more likely? The answer of significantly more likely depends on the application; we use a

threshold derived from the probability α of erroneously selecting a too high order.

If two hypotheses, given N observations, are more or less equally likely we call these hypotheses in-

distinguishable. In most applications we want to keep the models as simple as possible, so in case of

indistinguishable hypotheses we have a preference for the simpler model; i.e. the null-hypothesis.

To test composite hypotheses we need a criterion and a threshold. The acceptability of every hypothesis

is described by the Mean Log Likelihood (MLL):

E
{
log fI(xn|xn−1, . . . , xn−I ;pI)

}
= lim

N→∞
1
N

L+N∑
m=L+1

log fI(xm|xm−1, . . . , xm−I ;pI) (3)

where E {. . .} means the expectation using the correct pdf g(xn, . . . , xn−I) of the observations; for example

E
{
log fI(xn|xn−1, . . . , xn−I ;pI)

}
=

∫ ∞

−∞
· · ·

∫ ∞

−∞
g(xn, . . . , xn−I) log fI(xn|xn−1, . . . , xn−I ;pI) dxn . . . dxn−I

(4)

Due to stationarity and ergodicity of the AR-process the ensemble average (mean) on the LHS of (3) may

be replaced by the sample average of an infinitely large sample on the RHS.

The MLL measures the acceptability of fI(xn|xn−1, . . . , xn−I ;pI) as an approximation of g(xn|xn−1, . . . , xn−K).

Due to the information inequality [10, theorem 16.1.7], which can be proven by the positiveness of the

Kullback-Leibler distance [10, theorems 2.6.3 and 9.6.1] the MLL is bounded by the neg-entropy

E
{
log fI(xn|xn−1, . . . , xn−I ;pI)

}
≤ E

{
log g(xn|xn−1, . . . , xn−K)

}
= −H

{
xn|xn−1, . . . , xn−K

}
(5)
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where H
{
xn|xn−1, . . . , xn−K

}
is the conditional entropy of the random variable xn given xn−1, . . . , xn−K .

This conditional entropy corresponds with the entropy per sample of the signal. Assume that pI
∗ is the

value of pI for which the LHS of the inequality, the MLL, reaches a maximum: the Maximum of the Mean

Log Likelihood function (MMLL). The equality in (5) holds if and only if fI(xn|xn−1, . . . , xn−I ;pI) =

g(xn|xn−1, . . . , xn−K), i.e. if the real pdf can exactly be modeled. This can only be the case if also

pI = pI
∗ and I ≥ K; the method of ML is based on this principle.

Unfortunately the MLL-function is a priori unknown, so it has to be estimated. We denote a statistic

to estimate the mean, i.e. the average, by Ê {. . .}. Let the ALL-function

Ê {lI(pI)}= 1
N

L+N∑
m=L+1

lIm(pI) = 1
N

L+N∑
m=L+1

log fI(xm|xm−1, . . . , xm−I ;pI) (6)

be a statistic to estimate the MLL-function based on N observations of the single observation log-likelihood

lIn(pI) = log fI(xn|xn−1, . . . , xn−I ;pI) of HI(pI) given the observed samples xn, . . . , xn−I . The sequence

of single observation log-likelihoods are the samples of a stationary stochastic signal: the stochastic single

observation log-likelihood. These samples are identically distributed and independent if equality (5) holds.

The quantity N Ê {lI(pI)} equals the conventional log likelihood function [9, sect. 33.2]. Analogous to

the average which is an unbiased statistic to estimate the mean, the ALL-function is for any value of pI ,

such as pI
∗, an unbiased statistic to estimate the MLL-function.

The MMLL can be estimated by replacing pI
∗ by the ML-estimate p̂I in the ALL-function; the resulting

statistic is called the Maximum of the Average-Log Likelihood (MALL) function. This MALL overestimates

the MMLL due to the finite number of observations; this bias has been approximated by error propagation

[7], [8]:

E
{

Ê {lI(pI)}
∣∣∣
pI=bp

I

}
≈E {lI(pI

∗)}+ dimpI

2N (7)

The criteria, AIC, GIC and MIC, are based on this statistic.

Akaike in his landmark paper [1] tries to estimate the MLL-function at the ML-estimate:

E
{

E {lI(pI)}|pI=bp
I

}
≈E {lI(pI

∗)} − dimpI

2N
(8)

On the average this criterion deviates from the MMLL. We believe that this criterion is insufficiently

motivated. The difference of (7) and (8) is the well-known Akaike correction of dimpI

N .

To discriminate the hypotheses HI(p∗I) and HJ(p∗J) by a likelihood-ratio test we define the stochastic

log likelihood-ratio 4l
IJ

(pI ,pJ) = lJ(pJ) − lI(pI) and its mean at the optimal parameter values. This

mean is the difference between the Maxima of the Mean Log Likelihoods (MMLL-ratio):

E
{
4l

IJ
(p∗I ,p

∗
J)

}
= E

{
log fJ(xn|xn−1, . . . , xn−J ;p∗J)− log fI(xn|xn−1, . . . , xn−I ;p

∗
I)

}
(9)

The MMLL-ratio is unknown, though it is positive if the correct decision is to accept alternative

hypothesis HJ(p∗J), otherwise it is negative. We use the difference between the Maxima of the Average
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Log Likelihoods (MALL-ratio) based on N independent observations

Ê
{
4l

IJ
(p̂I , p̂J)

}
= 1

N

L+N∑
m=L+1

log fJ(xm|xm−1, . . . , xm−J ; p̂J)− log fI(xm|xm−1, . . . , xm−I ; p̂I) (10)

as a biased test statistic to estimate the MMLL-ratio:

BIAS
{

Ê
{
4l

IJ
(p̂I , p̂J)

}}
=Ê

{
4l

IJ
(p̂I , p̂J)

}
− E

{
4l

IJ
(p∗I ,p

∗
J)

}
≈ dim bpJ−dim bpI

2N
(11)

The distribution of the test-statistic MALL-ratio depends on the application:

1. Critical test : Both models are nearly equally likely and they both sufficiently model the correct dis-

tribution; i.e. the MMLL-ratio is approximately zero. In this case the statistic 2N Ê
{
4l

IJ
(p̂I , p̂J)

}
is for sufficiently large N approximately chi-squared distributed with (dim p̂J − dim p̂I) = J − I

degrees of freedom [7], [8], [11], [12]. So:

E
{

Ê
{
4l

IJ
(p̂I , p̂J)

}}
=BIAS

{
Ê

{
4l

IJ
(p̂I , p̂J)

}}
≈ J−I

2N

VAR
{

Ê
{
4l

IJ
(p̂I , p̂J)

}}
≈ J−I

2N2

(12)

2. Non critical test : The MMLL-ratio differs significantly from zero, so the simple model is too

simple. The change in MALL-ratio caused by the substitution of the estimates p̂I and p̂J instead

of p∗I and p∗J is negligible with respect to the MMLL-ratio. Neglecting this effect the distribution

of the MALL-ratio converges for large N due to the central limit theorem to a normal distribution

with the MMLL-ratio as mean.

We accept the alternative hypothesis HJ if it is significantly more likely: Ê
{
4l

IJ
(p̂I , p̂J)

}
> ηhigh, where

ηhigh is a positive constant; the threshold. Making ηhigh larger means that we want to be more certain

before accepting the alternative hypothesis HJ . In the critical case we choose the threshold ηhigh such

that the probability of erroneously selecting HJ instead of HI is smaller than α (Neyman-Pearson). In the

non-critical case the probability on an error will be significantly smaller due to the non-zero MALL-ratio.

The threshold ηhigh can be solved from the equation:

α =
∫ ∞

2Nηhigh

xk−1e−
1
2 x

Γ(k)2k dx (13)

where k = 1
2 (J − I). This results in the criterion MIC for testing pairs of composite hypotheses.

III. Order estimation

Many information criteria can be written as a Generalized Information Criterion (GIC) [6].

GIC(HI , λ) = −Ê {lI(p̂I)}+ λdim bpI

N
(14)

where λ is a constant. A low value of GIC means a good fit of the hypothesis to the data. Different values

of λ ≥ 1
2 are used: Bhansali (λ = 1

2 ) [13], Akaike (AIC, λ = 1) [1], Broersen (GIC, λ = 3
2 ) [6] and Åström
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α λ α λ

MIC 1.0% 3.317 GIC 8.3% 1.500

MIC 2.0% 2.706 MIC 20.0% 0.821

GIC 4.6% 2.000 AIC 15.7% 1.000

MIC 5.0% 1.921 MIC 20.0% 0.821

TABLE I

The relation between the probability of finding a too high order α and the constant λ for the criteria AIC,

GIC and MIC in case of sufficiently large N . Notice the threshold ηhigh = λ
N

.

(λ = 2) [14]. The value of λ consists out of two components: a bias correction ( 1
2 ) and an additional

threshold to deal with the variance. The poor results of Bhansali [1, p. 718] are caused by the missing

additional threshold. For λ = 1
2 the hypotheses which sufficiently model the process have approximately

equal GIC(HI , λ).

GIC can be used to test a pair of composite hypotheses or to test a set of composite hypotheses. We

doubt whether there is a theoretical ground to justify the latter! We distinguish two essentially different

approaches to AR-order estimation:

1. Testing hypotheses in order of preference: The hypotheses represent models with increasing com-

plexity. So the hypothesis HI is incorporated in the hypothesis HJ , where 0 ≤ I < J . We have

an a priori preference for simple hypotheses. Due to this preference there is a natural sequence

of tests to be performed. We test null-hypothesis HI versus the alternative hypothesis HI+1 for

increasing I till the HI is preferred above HI+1. The null-hypothesis HI of the last test is con-

sidered to be the optimal hypothesis. If this method of testing is applied to GIC, we search for

increasing I the first local minimum of the criterion.

2. Testing a series of hypotheses: Assume a finite set of hypotheses: HI where 0 ≤ I ≤ L. To each

hypothesis a criterion is assigned. Search the hypothesis with the optimal value of the criterion.

If this method of testing is applied to GIC, the hypothesis for which the criterion reaches the

absolute minimum is selected.

The criterion MIC is derived under the condition of testing pairs of composite hypotheses, so it can only

be applied to the first strategy. The first approach using MIC as a criterion in the context of AR-order

estimation is equivalent to using GIC where ηhigh = λ
N (see table I). But if the hypotheses can not

be ordered according to increasing complexity and the simple hypotheses are not incorporated in the

more complex hypotheses, this equivalence does not exist. This is the case when estimating the order of

Auto-Regressive and Moving Average (ARMA) processes.
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xn = 0.8 xn−1 + εn

N=10 I = 0 1 2 3 4

AIC L=2 12.3 71.0 16.8

λ = 1 L=4 10.9 59.3 11.6 8.1 10.1

local 13.5 71.0 12.3 2.4 0.9

GIC L=2 18.4 72.6 9.0

λ = 3
2

L=4 17.6 67.2 7.5 4.0 3.7

local 19.1 72.6 7.4 0.8 0.1

MIC 1% 40.9 58.1 1.0 0.0 0.0

5% 24.1 71.2 4.4 0.3 0.1

20% 11.3 68.7 14.7 3.6 1.6

N=100

AIC L=2 0.0 84.2 15.8

λ = 1 L=4 0.0 76.3 12.4 6.3 5.0

local 0.0 84.2 13.5 2.0 0.3

GIC L=2 0.0 91.6 8.4

λ = 3
2

L=4 0.0 88.9 7.7 2.2 1.2

local 0.0 91.6 7.9 0.5 0.0

MIC 1% 0.0 99.0 1.0 0.0 0.0

5% 0.0 95.1 4.7 0.2 0.0

20% 0.0 79.8 16.1 3.2 0.8

N=1000

AIC L=2 0.0 83.7 16.3

λ = 1 L=4 0.0 75.4 12.9 6.8 4.9

local 0.0 83.7 13.7 2.1 0.4

GIC L=2 0.0 91.6 8.5

λ = 3
2

L=4 0.0 88.5 7.6 2.5 1.4

local 0.0 91.6 7.8 0.6 0.1

MIC 1% 0.0 99.0 1.0 0.0 0.0

5% 0.0 95.2 4.6 0.1 0.0

20% 0.0 79.4 16.7 3.2 0.8

xn = 0.3 xn−1 + εn

0 1 2 3 4

63.0 25.2 11.9

56.7 21.4 8.4 6.2 7.3

69.2 25.2 4.7 0.9 0.2

77.2 17.9 4.9

74.6 16.8 4.1 2.3 2.2

80.2 17.9 1.7 0.2 0.0

96.2 3.8 0.0 0.0 0.0

86.0 13.1 0.9 0.0 0.0

63.8 27.9 6.4 1.4 0.5

5.3 79.7 15.0

5.1 71.7 11.8 6.6 4.8

6.0 79.7 12.1 1.8 0.4

9.9 82.7 7.5

9.7 80.2 6.8 2.3 1.1

10.3 82.7 6.5 0.5 0.1

32.5 67.0 0.5 0.0 0.0

14.9 81.0 3.8 0.2 0.0

4.9 76.8 14.7 2.9 0.8

0.0 83.5 16.5

0.0 75.5 13.1 6.6 4.8

0.0 83.5 14.0 2.1 0.4

0.0 91.3 8.8

0.0 88.5 7.9 2.5 1.1

0.0 91.3 8.0 0.7 0.1

0.0 99.0 1.0 0.0 0.0

0.0 94.9 4.8 0.3 0.0

0.0 79.6 16.6 3.0 0.8

TABLE II

The experimentally determined probability (percentage) on selecting an Ith order AR-model, determined by

10,000 order estimations, of a 1st order AR-process. The order is estimated by searching the global minimum

of the criterion (AIC or GIC) as a function of the order given a maximum candidate order L and by

searching for the first local minimum of the criterion (AIC, GIC or MIC). For the criterion MIC we used an

a priori probability on selecting a too high order of 1%, 5% and 20%.

IV. Simulations

The simulation results of table II–V show painfully that the selected order in case of searching for the

global minimum of criteria AIC and GIC depends on the maximum candidate order. The criteria perform
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N=10 I = 0 1 2 3 4 5 6 7 8

AIC L=4 15.7 18.6 42.1 11.1 12.4

λ = 1 L=8 10.2 11.3 22.4 5.0 3.8 3.6 5.0 8.5 30.3

local 37.0 22.5 32.8 5.8 1.3 0.4 0.2 0.0 0.0

GIC L=4 32.4 19.7 37.1 6.0 4.8

λ = 3
2

L=8 25.9 15.4 26.9 3.9 2.1 2.0 2.8 4.7 16.4

local 56.3 21.4 19.6 2.4 0.3 0.1 0.0 0.0 0.0

MIC 1% 92.0 7.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0

5% 69.2 18.9 10.9 0.9 0.1 0.0 0.0 0.0 0.0

20% 30.1 21.4 37.0 8.1 2.4 0.8 0.3 0.1 0.1

N=100

AIC L=4 0.0 0.0 79.1 12.9 8.1

λ = 1 L=8 0.0 0.0 73.2 11.2 6.1 3.6 2.4 1.8 1.7

local 0.0 0.0 84.8 12.9 2.0 0.3 0.1 0.0 0.0

GIC L=4 0.0 0.1 89.6 7.3 3.0

λ = 3
2

L=8 0.0 0.1 88.5 7.1 2.7 0.9 0.4 0.3 0.1

local 0.0 0.1 92.1 7.3 0.5 0.0 0.0 0.0 0.0

MIC 1% 0.0 0.4 98.7 0.9 0.0 0.0 0.0 0.0 0.0

5% 0.0 0.1 95.2 4.5 0.2 0.0 0.0 0.0 0.0

20% 0.0 0.0 80.3 16.0 2.9 0.6 0.1 0.0 0.0

N=1000

AIC L=4 0.0 0.0 78.4 13.5 8.2

λ = 1 L=8 0.0 0.0 73.0 11.8 5.9 3.7 2.3 1.7 1.7

local 0.0 0.0 84.1 13.5 2.0 0.4 0.0 0.0 0.0

GIC L=4 0.0 0.0 89.5 7.6 2.9

λ = 3
2

L=8 0.0 0.0 88.3 7.3 2.5 1.1 0.5 0.2 0.1

local 0.0 0.0 91.7 7.6 0.7 0.1 0.0 0.0 0.0

MIC 1% 0.0 0.0 99.0 1.0 0.0 0.0 0.0 0.0 0.0

5% 0.0 0.0 94.9 4.9 0.2 0.0 0.0 0.0 0.0

20% 0.0 0.0 79.8 16.6 2.9 0.7 0.1 0.0 0.0

TABLE III

As table II for the 2nd order AR-process xn = 0.75 xn−1 − 0.50 xn−2 + εn.

significantly better in case of searching for the first local minimum. Even for difficult processes to identify,

such as AR processes with small coefficients ai or processes with a coefficient ai = 0 where i < K we

observe the improved performance in case of searching for the first local minimum.

Applying the criterion MIC we observe that the probability on selecting a too high order model is for

large N mostly in agreement with the chosen value of α. Only if the difference in MLL of the Ith order

model and the (I + 1)th order model is small we observe for small N that the Ith order model is selected

instead of the (I + 1)th order model although the (I + 1)th order model is the correct model. So for this

value of N both models are indistinguishable and the lower order model is selected instead of the correct
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model. This effect can be studied in table II; for all values of N and xn = 0.8 xn−1 + εn the probability of

estimating a 2nd or 3rd order model agrees with the chosen value of α. If the difference in MLL between

the 0th order model and the 1st order model becomes small, which is the case for xn = 0.3 xn−1 + εn, the

0th order model and the 1st order model become for low N indistinguishable. As a result often a too low

order is selected and the probability of selecting a 2nd or higher order model becomes smaller than α. A

similar effect can be observed in table IV for the model xn = 0.55 xn−1 + 0.05 xn−2 + εn

In the case of a 3rd order AR-model and absence of estimation noise (N →∞) the search for the first

local minimum and for the global minimum and L = 4 are equivalent. This is confirmed by the results

for large N such as N = 1000 is table V. For smaller N these two search methods differ significantly.

V. Discussion

Broersen [6] states: the influence of the maximum candidate order L is very important for all asymptotic

criteria, and remains a nuisance for the finite sample criteria. We doubt whether there is a theoretical

foundation to justify the usage of GIC and AIC to test a set of hypotheses! In tables II–IV we observe

that by adding more irrelevant hypotheses (usage of a larger L), even for large N (N = 1000), the

probability on the correct hypothesis decreases. Every irrelevant hypothesis to be added to the set has

a finite probability to be selected. To keep the probability to select the correct hypothesis constant, the

probability to select other irrelevant hypotheses should decrease. Therefore a criterion for testing a set of

hypotheses should also depend on L; this is not the case for AIC and GIC.

For large N the criterion GIC(HI ,
1
2 ), besides statistical fluctuations, is a decreasing function which

converges for increasing I monotonically to the entropy. Convergence is reached if HI has the correct

AR-order. Any other criterion with λ > 1
2 can be constructed by adding an increasing linear function

(λ− 1
2 )dim bpI

N to GIC(HI ,
1
2 ). This means that for λ > 1

2 the criterion GIC(HI , λ) has, besides statistical

fluctuations, a unique minimum. Local minima can only exist if the decrease in GIC(HI ,
1
2 ) is in the same

order of magnitude or smaller than the statistical fluctuations. This means that adjacent hypotheses (HI

and HI+1) are indistinguishable given the number of observations N . This justifies that the only correct

and stable search strategy is searching for the first local minimum.

Assume a 3rd order AR-model, where a2 = 0; in this case we would expect that searching for the global

minimum is a better search strategy. In table V we observe that even in this situation searching for the

first local minimum is the better search strategy.

Interesting is the minimal difference in MMLL-ratio which is necessary to reliably select the more

complex hypothesis. The standard error of the ALL-ratio at the ML-estimates (12) is an indication for

this difference. For example; to prefer the (I + 1)th order AR-model above Ith you need a difference in

MMLL of 0.0707 for N = 10, 0.0071 for N = 100 and 0.0007 for N = 1000.

Broersen [6], [15] distinguishes finite samples N
10 < L, where L is the maximum candidate order, as a

special case. We do not see any arguments for this distinction. The risk of selecting a too high order in

March 7, 2006 DRAFT



MODDEMEIJER: APPLICATION OF INFORMATION CRITERIA TO AR-ORDER ESTIMATION 10

N=10 I = 0 1 2 3 4 5 6 7 8

AIC L=4 29.3 44.9 9.9 7.0 8.9

λ = 1 L=8 19.0 28.7 5.3 3.1 3.0 2.6 4.2 7.8 26.3

local 35.6 53.4 9.0 1.6 0.3 0.1 0.0 0.0 0.0

GIC L=4 43.6 44.7 6.0 2.9 2.7

λ = 3
2

L=8 36.2 35.9 4.5 2.0 1.3 1.3 1.9 3.8 13.2

local 47.1 47.7 4.6 0.5 0.1 0.0 0.0 0.0 0.0

MIC 1% 76.1 23.6 0.3 0.0 0.0 0.0 0.0 0.0 0.0

5% 55.6 41.5 2.7 0.2 0.0 0.0 0.0 0.0 0.0

20% 31.2 53.9 11.4 2.6 0.6 0.2 0.1 0.0 0.0

N=100

AIC L=4 0.0 73.6 14.7 6.7 5.0

λ = 1 L=8 0.0 70.4 13.7 6.0 3.4 2.4 1.4 1.3 1.3

local 0.0 81.5 15.8 2.3 0.4 0.1 0.0 0.0 0.0

GIC L=4 0.0 86.7 9.5 2.7 1.1

λ = 3
2

L=8 0.0 86.1 9.4 2.6 1.0 0.4 0.3 0.2 0.1

local 0.0 89.5 9.8 0.7 0.1 0.0 0.0 0.0 0.0

MIC 1% 0.1 98.4 1.5 0.0 0.0 0.0 0.0 0.0 0.0

5% 0.0 93.4 6.3 0.3 0.0 0.0 0.0 0.0 0.0

20% 0.0 77.1 18.5 3.5 0.8 0.2 0.0 0.0 0.0

N=1000

AIC L=4 0.0 39.9 43.4 10.3 6.5

λ = 1 L=8 0.0 38.0 40.1 8.9 4.8 3.1 2.1 1.7 1.4

local 0.0 45.0 46.3 7.4 1.2 0.2 0.0 0.0 0.0

GIC L=4 0.0 54.6 38.4 5.1 1.9

λ = 3
2

L=8 0.0 54.2 37.7 4.9 1.8 0.9 0.3 0.3 0.1

local 0.0 57.3 39.3 3.2 0.2 0.0 0.0 0.0 0.0

MIC 1% 0.0 84.2 15.7 0.2 0.0 0.0 0.0 0.0 0.0

5% 0.0 65.7 32.6 1.7 0.1 0.0 0.0 0.0 0.0

20% 0.0 39.6 48.0 9.9 2.1 0.4 0.1 0.0 0.0

TABLE IV

As table II for the 2nd order AR-process xn = 0.55 xn−1 − 0.05 xn−2 + εn.

case of AIC and GIC is caused by the search strategy and the accepted value of α; the first cause can

fully be eliminated by changing the search strategy.

For large enough N we do not expect that the results depend strongly on the distribution of the white

noise. The distribution of the test statistic, except for some pathological cases like the Cauchy or Dirac

distribution, hardly depends on this noise and is approximately a chi-squared distribution [12]. In the

closely related literature of mutual information estimation, the mean of a log-likelihood ratio, there are

no other indication [16], [17].
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N=10 I = 0 1 2 3 4 5 6 7 8

AIC L=4 7.4 16.8 22.0 34.0 19.8

λ = 1 L=8 4.6 9.6 11.3 15.4 6.3 4.9 5.8 10.6 31.6

local 12.6 31.8 24.9 21.9 6.4 1.5 0.5 0.2 0.2

GIC L=4 15.0 22.9 24.5 27.0 10.6

λ = 3
2

L=8 11.9 17.4 17.4 17.6 5.2 3.3 3.6 5.5 18.2

local 20.8 34.4 25.4 15.8 2.9 0.5 0.2 0.0 0.0

MIC 1% 65.2 21.4 11.6 1.8 0.1 0.0 0.0 0.0 0.0

5% 30.1 33.1 24.0 11.1 1.5 0.2 0.1 0.0 0.0

20% 10.1 30.0 23.9 24.0 8.2 2.4 0.8 0.4 0.4

N=100

AIC L=4 0.0 0.0 0.0 84.0 16.0

λ = 1 L=8 0.0 0.0 0.0 72.8 12.0 6.1 3.9 2.7 2.5

local 0.0 1.1 0.0 83.1 13.4 1.9 0.4 0.0 0.0

GIC L=4 0.0 0.0 0.0 91.7 8.3

λ = 3
2

L=8 0.0 0.0 0.0 88.2 7.3 2.6 1.1 0.5 0.3

local 0.0 1.7 0.0 90.2 7.3 0.7 0.1 0.0 0.0

MIC 1% 0.0 5.2 0.7 93.0 1.1 0.0 0.0 0.0 0.0

5% 0.0 2.3 0.1 92.9 4.5 0.2 0.0 0.0 0.0

20% 0.0 0.8 0.0 78.6 16.5 3.2 0.8 0.1 0.0

N=1000

AIC L=4 0.0 0.0 0.0 85.0 15.0

λ = 1 L=8 0.0 0.0 0.0 74.8 11.0 6.1 3.4 2.3 2.4

local 0.0 0.0 0.0 85.0 12.5 2.2 0.2 0.0 0.0

GIC L=4 0.0 0.0 0.0 91.7 8.3

λ = 3
2

L=8 0.0 0.0 0.0 88.4 7.3 2.7 0.9 0.4 0.3

local 0.0 0.0 0.0 91.7 7.6 0.7 0.0 0.0 0.0

MIC 1% 0.0 0.0 0.0 99.1 0.9 0.0 0.0 0.0 0.0

5% 0.0 0.0 0.0 95.1 4.7 0.2 0.0 0.0 0.0

20% 0.0 0.0 0.0 81.1 15.2 3.2 0.5 0.1 0.0

TABLE V

As table II for the 3rd order AR-process xn = 0.75 xn−1 + 0.00 xn−2 − 0.50 xn−3 + εn.

VI. Conclusions

Although our simulations are restricted to low order AR-models with Gaussian noise we expect on

theoretical grounds that the performance of criteria like GIC and AIC can significantly be enhanced in AR-

order estimation by selecting a better search strategy. There are essentially two different strategies: search

the optimal order by the first local minimum of the criterion or search the order by the global minimum

given a maximum candidate order. Although the second strategy is mostly used, the first strategy is to

be preferred and gives significantly better results. The first strategy can be derived from testing pairs of

composite hypotheses and simulations confirm the theory. The second strategy is probably based on an
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unsatisfactory or even an erroneous theory. In the second strategy the selection of the maximum candidate

order plays an essential role and influences the selected order. By searching for the first local minimum

this problem is avoided.

Although there are within the scope of AR-order estimation no essential differences between the criteria

MIC, AIC and GIC, they differ in the choice of λ; the criterion MIC is to be preferred for its better

theoretical foundation. The search strategy is an essential part of the criterion MIC.
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