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An efficient algorithm for selecting optimal
configurations of AR-coefficients

R. Moddemeijer

Abstract—There exists an essential difference between the
correct Auto Regressive (AR) model and the optimal AR-
model. We try to find an optimal model balancing between
flexibility, using many AR-parameters, and low variance,
using only a few AR-parameters. We select an optimal AR-
parameter configuration consisting of zero and non-zero pa-
rameters given a maximum AR-order. This optimal config-
uration will be selected using a Modified Information Cri-
terion (MIC) which is closely related to Akaike’s criterion
(AIC). This MIC allows an a priori selection of the proba-
bility of estimating too many parameters.

We present the theoretical foundation of the method and
verify this method by simulations. The method is based on
pivoting the Hessian matrix by Gauß-Jordan pivots. As a
result we can now select an optimal parameter configuration
with an a priori probability of selecting a configuration with
a too large number of parameters given an a priori selected
maximum AR-order.

Keywords—AIC, Akaike criterion, AR, autoregressive pro-
cesses, composite hypothesis, maximum likelihood, model
order, system identification, time series analysis.

I. Introduction

Hocking [1] showed that two completely different defini-
tions of the best model order can be given. The usual one
applies to the overall fit of the model and leads to selection
criteria like the Akaike criterion. The other order is ap-
plicable to situations where the estimated Auto-Regressive
(AR) parameters themselves are important because they
are used as an intermediate to compute quantities like har-
monic frequencies, spectra, Moving Average (MA) or Auto-
regressive Moving Average (ARMA) model parameters.

We distinguish between the correct model and the opti-

mal model. Our definition of the correct model coincides
with the true signal model, the model which generated the
signal. It can be a better strategy to estimate another
model from an observed AR-process, the optimal model,
which has a simpler structure and can more reliably be es-
timated. Due to the finite sample size not all aspects of the
correct model can be estimated with a sufficient accuracy,
so we balance between a minimum estimation error (vari-
ance) and a minimum modeling error (bias). This problem
of balancing bias and variance is a statistical problem which
leads to the concept of an optimal model in the mean square
sense. This optimal model is slightly biased with respect
to the correct model and performs better with respect to
the correct model due to a reduced variance.

Assume we have a Ith order AR-model with I AR-
parameters a1, a2, . . . aI . Some of these parameters will
be large, some will be small and some are zero. Why is it
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necessary to estimated all these parameters of an observed
AR-process? Zero parameters can be put to zero, avoiding
any estimation error. Small parameters can be negligible
with respect to the estimation error. In this case these pa-
rameters are meaningless and can also be fixated at zero.
We try to find a balance between flexibility, using many pa-
rameters, and low variance, using only a few parameters.
To deal with this problem we use a large parameter space
with only a few active (non-zero) parameters.

In practical situations neither the AR-order nor the num-
ber of negligible parameters is a priori known. Therefore
we search for an efficient strategy to estimate the configu-
ration of significant parameters. Our algorithm is based on
an ARMA-parameter estimation algorithm [2] which was
used to find alternative ARMA-parameter configurations
providing a better fit to the time-series published in the
book of Box & Jenkins [3]. This algorithm has been com-
bined with the AR-order estimation algorithm based on the
Modified Information Criterion (MIC) [4]. This algorithm
is capable of estimating an AR-order given an a priori se-
lected probability of selecting a too high order.

We apply the method of testing composite hypotheses
[5, chapter 35], [6, pp. 86–96] to selection of the AR-
parameter configuration. A composite hypothesis is a hy-
pothesis which is specified except for a few parameters to
be estimated. An example of two composite hypotheses
is: the average temperature on earth is constant, with one
unknown parameter, or the average temperature increases

linearly, with two unknown parameters. This is one of the
most difficult estimation problems because the model of
the first hypothesis is contained in the model of the sec-
ond hypothesis. To solve this problem many criteria are
developed. We use MIC [4] which is similar to the Akaike
criterion (AIC).

The Akaike criterion [7], [8], [9] integrates the method of
Maximum Likelihood (ML) to estimate parameters and the
likelihood-ratio test to discriminate the hypotheses. The
Akaike criterion is widely accepted and is for example used
to determine the order of AR- [10], [11], [12] and ARMA-
models [13]. Other applications of the Akaike criterion
are: maximum likelihood estimation [14], data-mining [15],
EEG and EMG data processing [16], [17] and Geophysics
[18]. There exist a number of competitive criteria [19], [20],
[21].

In case of the estimation of a parameter configuration we
will successively be adding parameters to an initially empty
space of non-zero parameters. We are dealing with a null
hypothesis, the current configuration of non-zero parame-
ters is sufficient, and a set of alternative hypotheses corre-
sponding with the parameters which can possibly be added
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to this space of non-zero parameters. All these hypotheses
are composite hypotheses because the relevant parameters
should also be estimated.

II. Balancing bias and variance

The principle of balancing bias and variance can easily
be explained by the following statistical model [22], [23],
[24]. Assume an unbiased statistic s with a given variance:

BIAS {s}=0
MSE {s} =VAR {s} (1)

where MSE means the mean square error. Can we con-
struct a better statistic? In mean square sense it can be
done. Assume the new statistic s′ = λs. This statistic has
bias and mean square error:

BIAS {s′}=(λ − 1) E {s}
MSE {s′} =(λ − 1)2 E {s}+ λ2 VAR {s} (2)

We search for the minimum mean square error as a function
of λ and find the optimal statistic s′ = λs where:

λ =
E {s}2

E {s}2
+ VAR {s}

(3)

Consequently 0 ≤ λ ≤ 1. This simple example shows the
principle of balancing bias and variance. If we accept a
small bias, the decrease of the mean square error by the
reduction of the variance dominates the increase by the
bias. This means that we can construct better estimators
by accepting some bias.

This principle of balancing bias and variance can also
be applied to AR-modeling. Assume we estimate an AR-
parameter, with the statistic s or the alternative constant
statistic s′ = 0. The constant statistic s′ performs better
if the mean square error is smaller: MSE {s′} < MSE {s}.
This condition is fulfilled if E {s}2 < VAR {s}. Assume the
correct AR-model has a small parameter. The value of this
parameter can be negligible with respect to the variance;
in this case it’s better to omit the parameter in the op-
timal model. Omitting a parameter introduces some bias
but also reduces the variance. This leads to a new con-
cept of AR-modeling. We use a J th order AR-model with
J independently adjustable AR-parameters. Of every pa-
rameter we decide during the estimation process whether
the parameter is essential for modeling or not. We only es-
timate the essential parameters of the AR-model and keep
the other parameters equal to zero. In the next sections we
develop the theory and verify the results using this concept.

III. Theory

Assume the following discrete time AR-models:

1. xn = εn

2. xn =0.5 xn−1 + 0.25 xn−2 + 0.125 xn−3+
0.0625 xn−4 + 0.03125 xn−5 + 0.015625 xn−6 + εn

3. xn =0.55 xn−1 + 0.05 xn−2 + εn [25]
4. xn =0.75 xn−1 − 0.50 xn−2 + εn [10]
5. xn =0.75 xn−1 − 0.50 xn−4 + εn [4]
6. xn =0.50 xn−1 − 0.25 xn−4 + εn

where ε is normally distributed white noise with zero mean
and fixed variance σ2.

fε(ε; σ) = 1√
2πσ

e−
ε2

2σ2 (4)

Assume the stochastic signal x, generated by one of
these AR-models, and a sequence of N observations
x1, x2, . . . , xN . Estimate the generation model of x; i.e.
estimate the configuration and the values of the non-zero
coefficients of the AR-model.

Assume the J th order AR-model and its conditional
probability density function:

fx(xn|xn−1, . . . , xn−J ;a, σ) = fε(εn(a); σ) (5)

where a = (a1, . . . , aJ) and where

εn(a) = xn −
J∑

j=1

ajxn−j (6)

This AR-model has a parameter vector p = (a1, a2, . . . , aJ , σ)
of J + 1 independently adjustable parameters. If we fixate
some AR-parameters at zero, the number of independently
adjustable parameters will be less than J + 1.

The generation models with different configurations of
zero and non-zero AR-coefficients are called the hypothe-
ses. The dimension dimp of the parameter vector p for
a given parameter configuration is the number of indepen-
dently adjustable parameters, i.e. the number of non-zero
parameters. Given a sequence of observations we deter-
mine the parameter configuration by selecting the optimal

hypothesis.
The case of testing two composite hypotheses is elabo-

rately discussed in our earlier publication [4]. Given the
Maximum of the Average Log Likelihood (MALL), i.e. the
Average Log Likelihood (ALL) function at the ML param-
eter estimate p̂, defined by

Ê {l(p̂)}= 1
N

N∑

n=1

log fx(xn|p̂) (7)

where Ê {l(p̂)} denotes the average, the statistic to esti-
mate the mean, of the stochastic variable l(p̂) = log f(x|p̂).

The quantity N Ê {l(p̂)} equals the well-known maximum
of the log likelihood function in the method of maximum
likelihood [26, chapter 7][27, section 11.5 ].

The Generalized Information Criterion (GIC) [28] is
used to select an optimal hypothesis from a set of com-
posite hypotheses:

GIC (λ) = −Ê {l(p̂)} +
λdim p̂

N
(8)

where λ is an a priori defined constant that depends on the
structure of p̂. The optimal hypothesis is considered to be
the hypothesis having a minimum GIC (λ). Different values
for λ are used: Bhansali (λ = 1

2 ) [25], [29], Akaike (λ = 1,

so AIC = GIC (1)) [7], Broersen (λ = 3
2 ) [30] and Åström

(λ = 2) [31]. Even considerably larger values of λ, even
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depending on N , have been used [20], [19]. The concept
of testing a set of composite hypotheses using a criterion
which is derived to test a pair of composite hypotheses is
wrong!

In earlier work [4] we have argued that the problem of
AR-order estimation can be solved by subsequently test-
ing pairs of hypotheses using the ALL-ratio at the ML-
estimates (MALL-ratio) as a criterion:

Ê {4l(p̂0, p̂1)}= Ê {l(p̂1)} − Ê {l(p̂0)}>ηhigh (9)

We accept the alternative hypothesis with parameter vector
p̂1 if the MALL-ratio is larger than ηhigh; in the other case
we accept the null hypothesis with parameter vector p̂0.
The value of ηhigh depends on the difference in number
of independently adjustable parameters (dim p̂1 − dim p̂0)
and the a priori selected False Alarm Probability (FAP) α;
i.e. the probability on selecting a too high order (see table
VI in [4]).

Within our concept we have the same null hypotheses
but a set of alternative hypotheses instead of only one al-
ternative hypothesis. We want to extend the successful
concept of our earlier work to this situation.

IV. Model selection by Gauß-Jordan pivots

A Gauß-Jordan pivot is an operation on a matrix V re-
sulting in the pivoted matrix Ṽ . Performing a Gauß-Jordan
pivot with pivot element Vij exchanges the elements ai and
bj in the matrix equation





a0

...
ai−1

ai

ai+1

...
aJ





= V





b0

...
bj−1

bj

aj+1

...
bJ





so





a0

...
ai−1

bj

ai+1

...
aJ





= Ṽ





b0

...
bj−1

ai

aj+1

...
bJ





(10)
Performing Gauß-Jordan pivot using all main diagonal el-
ements of a matrix as pivot element is equivalent to inver-
sion of the matrix. Using a selected subset of main diag-
onal element leads to a partial inverse of the matrix. The
Gauß-Jordan pivot of the matrix V with pivot element Vij

resulting in the matrix Ṽ can be computed by:

Ṽmn =Vmn − VmjVin/Vij where m 6= i and n 6= j

Ṽmi =Vmj/Vij where n 6= j

Ṽin =Vin/Vij where m 6= i

Ṽij =1/Vij

(11)

We determine the ALL-function given the parameter vec-
tor p by substitution of (4) into (7):

Ê {l(p)} = 1
N

N∑

n=1

(
− 1

2 ln
(
2πσ2

)
− ε2n(a)

2σ2

)
(12)

Searching the maximum of the ALL-function as a function
of the parameter vector p leads to the ML estimate p̂. We

can separate the estimation of σ and of a = (a1, a2, ..., aJ ).
Consequently we find:

σ̂2 = v(â) where v(a) = 1
N

N∑

n=1

ε2n(a) (13)

and
â =−v−1

aa
(0)va(0)

v(â)= v(0) − 1
2va(0)v−1

aa
(0)va(0)

(14)

where

va(0)=
∂

∂a
v(a)

∣∣∣∣
a=0

vaa(0)=
∂

∂a

∂

∂a

T

v(a)

∣∣∣∣
a=0

(15)

are the vector of first derivatives and the matrix of second
derivatives (Hessian matrix) with respect to the parame-
ters. By 0 we mean a vector with all elements equal zero.

We construct the matrix V :

V =

[
v(0) − 1

2va
T(0)

− 1
2va(0) 1

2vaa(0)

]
(16)

with elements Vij (0 ≤ i ≤ J and 0 ≤ j ≤ J). These
elements can be computed by:

Vij =

N∑

n=1

xn−ixn−j (17)

Performing J Gauß-Jordan pivots om this matrix subse-
quently using Vjj (1 ≤ j ≤ J) as pivot element leads to:

[
v(â) âT

−â −2vaa(0)−1

]

=[
v(0) − 1

2va(0)v−1
aa

(0)va(0) −va
T(0)v−1

aa
(0)

v−1
aa

(0)va(0) 2vaa(0)
−1

] (18)

Notice that V00 is the only element of the main diagonal
that is not used as pivot element. Similarly we can de-
termine partial inverses of the matrix representing a ML-
estimate by using only a subset of the full parameter space.
E.g. we find v(â) where â = (â1, â2, 0, . . . , 0) by only using
V11 and V22 as pivot element.

If we have J AR-parameters, there exist 2J partial in-
verses representing ML-estimates with 0, 1, 2 to J AR-
parameters. If J becomes large, the selection of the optimal
partial inverse becomes rather computationally intensive.
To reduce the computational effort, we only use the main
diagonal element Vkk which lead to a maximum reduction
of V00 as pivot element. This reduction can be predicted
by evaluation of V00 − Ṽ00:

V00 − Ṽ00 = V0kVk0/Vkk (19)

During the partial inversion process we use the element Vkk

which has a maximum V0kVk0/Vkk as the next pivot ele-
ment. Now the decision remains whether the inclusion of
the parameter ak to the set of non-zero parameters leads
to a better model. Due to the properties of V any main di-
agonal element Vkk (1 ≤ k ≤ J), which is used for the first
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time as pivot element during the partial inversion process,
leads to a decrease of V00 because V0kVk0/Vkk ≥ 0. This is
not surprising, because any additional parameter leads to
a model with smaller σ̂. We are searching for the optimal

model, and not for the model which leads to the smallest σ̂.
We use MIC to construct a threshold to determine whether
an additional parameter leads to a better model.

We use the ALL-function as a criterion. Substitution of
the ML parameter estimate into the ALL-function leads
to the Maximum Average Log Likelihood (MALL) of the
hypothesis. Substituting (12) into (13) we find:

Ê {l(p̂)}=− 1
2 ln

(
2πσ̂2

)
− 1

2
(20)

We determine the increase of the MALL in case of the in-
troduction of one additional parameter. Assume we have
an estimated parameter vector p̂0, given the parameter
configuration of the null hypothesis, and similar estimated
parameter vectors p̂k, given parameter configurations of
the alternative hypotheses, which all have one additional
AR-parameter with respect to the null hypothesis. The
MALL-ratio depends on k and equals:

Ê {4l(p̂0, p̂k)}=Ê {l(p̂k)} − Ê {l(p̂0)}= ln
(

σ̂0
σ̂k

)

=− 1
2 ln

(
1 − V0kVk0

V00Vkk

) (21)

Compare this equation with (9). If the additional param-
eter is superfluous (σ̂0 ≈ σ̂k) this statistic is according to
earlier publications [4], [32], [33] chi-squared distributed
with one degree of freedom. If the additional parameter is
a significant contribution to the model (σ̂0 � σ̂k) the ex-
pectation of (21) differs significantly from zero, the statistic
is normally distributed [4]. We are only interested in the
first case because the second case is a typical indication
that the algorithm should proceed in adding more param-
eters.

Assume there are K different parameters which can pos-
sibly be added tot the space of non-zero parameters. If
K = 1 we have a situation which equals the situation
with AR-order estimation where you possibly add one pre-
selected parameter in every iteration step. The threshold
for the FAP α in case of one additional parameter can be
solved from the equation [4]:

α =

∫ ∞

2Nηhigh

fχ2(x) dx = 1 − erf
(√

Nηhigh

)
(22)

In general we want to find the threshold ηhigh given α;
therefore we determine the inverse function:

ηhigh =

(
erf-1 (1 − α)

)2

N
(23)

If K > 1 the threshold should be higher because there are
two or more possibilities of adding one parameter to the
space of non-zero parameters.

Assume that the MALL-ratios, Ê {4l(p̂0, p̂k)} for dif-
ferent k, in case of adding different superfluous parameters
are statistically independent amongst each other (see also

1% 2% 5% 10% 20%
1 6.6349 5.41189 3.84146 2.70554 1.64237
2 7.8749 6.62592 5.00183 3.79791 2.61927
3 8.6093 7.34857 5.70129 4.46923 3.24407
4 9.13371 7.86577 6.20466 4.95627 3.70473
5 9.54216 8.26917 6.59854 5.33915 4.07015
6 9.87691 8.60009 6.92236 5.65489 4.37324
7 10.1606 8.88074 7.19742 5.92367 4.63233
8 10.4068 9.12445 7.43657 6.15775 4.85867
9 10.6244 9.33986 7.43657 6.36513 5.05967

10 10.8192 9.53288 7.64815 6.55130 5.24048

TABLE I

The value 2Nηhigh as a function of the false alarm

probability α computed using the pi-distribution as a

function of K.

figure 1). At this moment there is no theoretical evidence
for this assumption. Empirically we obtain good results,
so this assumption seems to be reasonable.

Given this assumption, the maximum of Ê {4l(p̂0, p̂k)}
is pi-distributed, where the pi-distribution is defined in ap-
pendix A. Instead of (9) we use as a criterion:

max Ê {4l(p̂0, p̂k)} > ηhigh (24)

where we search the maximum as a function of the K al-
ternative hypotheses. Similar to (22) we determine the
threshold as a function of the FAP by solving ηhigh from
the equation:

α =

∫ ∞

2Nηhigh

fΠ(x) dx = 1 −
(
erf

(√
Nηhigh

))K
(25)

where fΠ is the pi-distribution. We solve ηhigh:

ηhigh =

(
erf-1

(
K
√

1 − α
))2

N
(26)

The corresponding values of 2Nηhigh can be found in table
I. If the statistical dependence of the MALL-ratios plays a
significant role, we should use a lower threshold ηhigh, be-
cause the effective number of parameters decreases. Keep-
ing ηhigh unchanged will reduce the FAP.

Assume we have J AR-parameters and an empty space of
non-zero parameters; consequently all parameters are zero.
In the jth iteration (1 ≤ j ≤ J) of the estimation process we
can add one parameter to the space of non-zero parameters
by performing a Gauß-Jordan pivot, so this space contains
exactly j − 1 different AR-parameters. This means that
we can choose between K = J − j + 1 different parameters
(pivot-elements) to be added. We select the parameters
with the largest V0kVk0/Vkk; this is the parameter which
leads to a maximum increase of the MALL. We compare
with (24) the K results of (21) with ηhigh of (26); if this
MALL-ratio is larger than ηhigh we add the parameter to
the space of non-zero parameters, by pivoting the matrix
V with pivot element Vkk, and continue the iteration. If
the MALL-ratio is smaller we stop the iteration and the
optimal model is reached.
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Fig. 1. Assume the AR-model xn = 0.50xn−1 − 0.25xn−4 + εn. In the left-hand figure (experiment) 1000 MALL-ratios multiplied by

2N ; i.e. 2N bE {4l(bp0, bpk)}, with sample size N = 1000 of the correct null-hypothesis p0 = (a1, 0, 0, a4, σ) and the two alternative
hypotheses p2 = (a1, a2, 0, a4, σ) and p3 = (a1, 0, a3, a4, σ) are plotted. In the right-hand figure 1000 random data-points (random) of
two independent chi-squared distributions with one degree of freedom are plotted. Both plots are similar so we may conclude that the
MALL-ratios are sufficiently independent amongst each other.

V. Complexity

The computational effort determines whether an algo-
rithm can easily be applied or not. Our algorithm is com-
putationally rather efficient. The computational effort will
mainly be determined by the number of samples N , the
number of evaluated parameters J and the actually esti-
mated number of parameters M . The construction of the
matrix V , which is initially symmetric and approximately
Toeplitz costs O {N × J} units of time. The pivot search,
which costs O{J} time, is repeated M times and is negli-
gible with respect to M times pivoting the matrix, which
is an O

{
J2

}
operation. If the number of samples is large,

the most costly operation is the construction of V and the
complexity behaves like O{N × J}. So, for large N the
algorithm has a linear complexity. The pivoting process,
which costs O

{
M × J2

}
units of time, dominates for small

N .

VI. Results

First we have tested the behavior of our method in case
of no AR-model; i.e. the number of AR-parameters and
also the model order is zero. In this case we are fitting
AR-models to white noise. We expect to estimate with
probability 1−α the model with no AR-parameters. These
results are confirmed by table II. There is a good agree-
ment between the theoretically predicted probability (95%)
and the observed probability of the model with no AR-
parameters.

In table III we test our method is case of the AR-model
xn = 0.5xn−1 + 0.25xn−2 + 0.125xn−3 + 0.0625xn−4 +
0.03125xn−4 + 0.015625xn−6 + εn where the importance
of the parameters ai decreases with i. We expect an un-

0 1 2 3 4 5 6 7 8 corr.
N = 100
2 9513 475 12 9513
4 9500 487 13 0 0 9500
6 9480 512 8 0 0 0 0 9480
8 9508 481 11 0 0 0 0 0 0 9508

10 9468 521 10 1 0 0 0 0 0 9468
N = 1000
2 9487 497 16 9487
4 9500 481 19 0 0 9500
6 9488 498 14 0 0 0 0 9488
8 9465 524 11 0 0 0 0 0 0 9465

10 9395 586 19 0 0 0 0 0 0 9395
N = 10000
2 9523 459 18 9523
4 9484 501 14 1 0 9484
6 9455 529 16 0 0 0 0 9455
8 9461 532 7 0 0 0 0 0 0 9461

10 9403 584 13 0 0 0 0 0 0 9403

TABLE II

The observed number of parameter configurations as a

function of the number of AR-parameters (horizontal) and

as a function of the size of the AR-parameter space J

(vertical) given 10.000 sequences of N observations

generated according to the AR-model xn = εn. The

probability on a too high number of AR-parameters α is 5%.

In the last column we present the number of times the

model has correctly been identified.

derestimation of the number of parameters which decreases
with increasing sample size N . For N = 10000 the five AR-
parameter model seems to be optimal. As expected the
number of estimated models with 6 parameters decreases
with increasing J due to the increasing threshold.
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0 1 2 3 4 5 6 7 8 corr.
N = 100
2 0 257 9743 0
4 0 197 8052 1719 32 0
6 0 263 8450 1273 14 0 0 0
8 0 340 8645 1003 12 0 0 0 0 0

10 0 379 8758 852 11 0 0 0 0 0
N = 1000
2 0 0 10000 0
4 0 0 0 2572 7428 0
6 0 0 0 3004 6777 217 2 0
8 0 0 0 3737 6138 122 3 0 0 0

10 0 0 0 4245 5660 92 3 0 0 0
N = 10000
2 0 0 10000 0
4 0 0 0 0 10000 0
6 0 0 0 0 256 7532 2212 2212
8 0 0 0 0 431 8523 1014 30 2 725

10 0 0 0 0 572 8685 714 28 1 431

TABLE III

As table II using the AR-model xn = 0.5xn−1 + 0.25xn−2 +

0.125xn−3 + 0.0625xn−4 + 0.03125xn−5 + 0.015625xn−6 + εn and

α = 5%.

0 1 2 3 4 5 6 7 8 corr.
N = 100
2 1 9286 713 713
4 1 9448 535 16 0 235
6 2 9494 493 11 0 0 0 144
8 5 9505 479 10 1 0 0 0 0 103

10 5 9470 513 11 1 0 0 0 0 94
N = 1000
2 0 6570 3430 3430
4 0 7618 2311 69 2 1869
6 0 8056 1881 62 1 0 0 1444
8 0 8274 1657 66 3 0 0 0 0 1205

10 0 8308 1628 62 2 0 0 0 0 1131
N = 10000
2 0 9 9991 9991
4 0 50 9509 428 13 9473
6 0 80 9495 407 17 1 0 9449
8 0 103 9473 414 10 0 0 0 0 9421

10 0 122 9460 405 13 0 0 0 0 9407

TABLE IV

As table II using the AR-model xn = 0.55xn−1 + 0.05xn−2 + εn

and α = 5%.

A model with a possibly irrelevant parameter a2 = 0.05
is presented in table IV. We expect that for small N the
models with and without the parameter a2 are indistin-
guishable. This is confirmed by the clear preference for the
one AR-parameter model for N ≤ 1000. For a large sam-
ple size N = 10000 we are capable of correctly identifying
the correct model. Our claim, that in less than 5% of the
case a model with too many parameters has been identi-
fied, is confirmed by the simulation results, although in a
significant number of cases a too simple model has been
found.

In table V we observe for the AR-model xn = 0.75 xn−1−
0.50 xn−2 + εn an excellent correspondence between the
theory and the simulation. Only for N = 100 a significant
(13%) number of models with too many parameters have

0 1 2 3 4 5 6 7 8 corr.
N = 100
2 0 8 9992 9992
4 0 29 8598 1302 71 8541
6 0 69 8551 1329 51 0 0 8480
8 0 97 8551 1303 48 1 0 0 0 8471

10 0 109 8541 1308 40 2 0 0 0 8451
N = 1000
2 0 0 10000 10000
4 0 0 9537 450 13 9537
6 0 0 9560 436 4 0 0 9560
8 0 0 9567 427 6 0 0 0 0 9567

10 0 0 9541 454 5 0 0 0 0 9541
N = 10000
2 0 0 10000 10000
4 0 0 9517 472 11 9517
6 0 0 9511 479 10 0 0 9511
8 0 0 9551 442 7 0 0 0 0 9551

10 0 0 9549 443 8 0 0 0 0 9549

TABLE V

As table II using the AR-model xn = 0.75xn−1 − 0.50xn−2 + εn

and α = 5%.

been estimated. In about 10% of these cases the model
with the non-zero parameters a1, a2 and a3 has been iden-
tified. We also observe an increased preference for the one
AR-parameter model, which is caused by the relative large
threshold necessary too deal with the statistical fluctua-
tions.

In fact the number of observations is to small to reliably
distinguish between a one and a two AR-parameter model.
By comparing the third column, the number of two AR-
parameter models, with the last column, the number of
correctly identified models, we can determine the fraction
of incorrectly identified two AR-parameter models. In case
of N = 100 a large number of incorrect two parameter
models have been estimated; this problem disappears for
N ≥ 1000. The results are in good agreement with our
theoretical claim: in less than 5% of the cases a three or
more parameter model has been estimated.

The AR-model xn = 0.75 xn−1 − 0.50 xn−4 + εn (see
table VI) seems to be difficult to identify. For N = 10000
in about 95% of the cases the model with the non-zero pa-
rameters a1, a4 and a5 has been identified. Furthermore in
about 3.5% of the cases the four parameter model a1, a4, a5

and a6 has been found. Given the number of observations
these models are obviously indistinguishable from the cor-
rect model. Because there is a strong coupling between xn

and xn−1 it is not surprising to find a non-zero coefficient
a5, caused by the corresponding coupling between xn−4 and
xn−5. For J = 2, in the first row, no correct AR-models
has been identified because the AR-order of a second order
model is too low to model a fourth order signal.

We have added the model xn = 0.50 xn−1−0.25 xn−4+εn

of table VII because of the problems with the identification
of the model in table VI. The coupling in this model is less
pronounced resulting in excellent results. Our claim of less
than 5% wrong identifications with irrelevant additional
parameters has never been violated. For N ≥ 1000 all
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0 1 2 3 4 5 6 7 8 corr.
N = 100
2 0 132 9868 0
4 0 0 9554 439 7 9533
6 0 0 2976 4845 2101 78 0 2947
8 0 0 2988 4840 2073 99 0 0 0 2954

10 0 0 2988 4818 2114 80 0 0 0 2966
N = 1000
2 0 0 10000 0
4 0 0 9529 451 20 9529
6 0 0 783 6559 2494 160 4 783
8 0 0 789 6578 2488 142 3 0 0 789

10 0 0 794 6564 2522 117 3 0 0 794
N = 10000
2 0 0 10000 0
4 0 0 9531 457 12 9531
6 0 0 0 9238 732 27 3 0
8 0 0 0 9282 692 26 0 0 0 0

10 0 0 0 9291 684 24 1 0 0 0

TABLE VI

As table II using the AR-model xn = 0.75xn−1 − 0.50xn−4 + εn

and α = 5%.

0 1 2 3 4 5 6 7 8 corr.
N = 100
2 23 8747 1230 0
4 26 2737 7006 219 12 6487
6 32 3261 6460 241 6 0 0 5682
8 47 3645 6076 228 4 0 0 0 0 5293

10 45 3764 5969 218 4 0 0 0 0 5143
N = 1000
2 0 3597 6403 0
4 0 0 9514 477 9 9514
6 0 0 9528 466 6 0 0 9528
8 0 0 9532 458 10 0 0 0 0 9532

10 0 0 9546 446 8 0 0 0 0 9546
N = 10000
2 0 0 10000 0
4 0 0 9503 487 10 9503
6 0 0 9499 483 17 1 0 9499
8 0 0 9529 456 13 2 0 0 0 9529

10 0 0 9505 480 15 0 0 0 0 9505

TABLE VII

As table II using the AR-model xn = 0.50xn−1 − 0.25xn−4 + εn

and α = 5%.

identified two AR-parameter models correspond with the
correct model.

Finally we have used the model of table VII in table VIII
to verify the behavior of our method for other values of α.
In this table we also find an excellent agreement between
the simulations and the theory.

VII. Conclusions

Due to (20) the Maximum Average Log Likelihood
(MALL) is a decreasing function of the variance of the
residuals σ̂2. So a larger MALL leads to smaller residu-
als. Therefore the MALL is a good measure of the overall
model fit. With respect to the residual variance, the cor-

rect model is not always the optimal model. It is a better
strategy to estimate the AR-parameter configuration in-
stead of the AR-order, accepting that the AR-parameters

0 1 2 3 4 5 6 7 8 corr.
α = 1%
2 0 6089 3911 0
4 0 0 9912 88 0 9912
6 0 0 9907 93 0 0 0 9907
8 0 0 9907 93 0 0 0 0 0 9907

10 0 0 9918 82 0 0 0 0 0 9918
α = 2%
2 0 5108 4892 0
4 0 0 9812 187 1 9812
6 0 0 9807 191 2 0 0 9807
8 0 0 9811 187 2 0 0 0 0 9811

10 0 0 9822 178 0 0 0 0 0 9822
α = 10%
2 0 2447 7553 0
4 0 0 9060 889 51 9060
6 0 0 9022 934 43 1 0 9022
8 0 0 9070 892 38 0 0 0 0 9070

10 0 0 9112 854 33 1 0 0 0 9112
α = 20%
2 0 1377 8623 0
4 0 0 8118 1664 218 8118
6 0 0 8114 1669 199 17 1 8114
8 0 0 8155 1639 196 8 2 0 0 8155

10 0 0 8199 1613 175 13 0 0 0 8199

TABLE VIII

As table II using the AR-model xn = 0.50xn−1 − 0.25xn−4 + εn.

Instead of the sample size we modify α for a given sample

size N = 1000

do not form a consecutive row of non-zero parameters up
to the AR-order. From a statistical point of view, parame-
ters with a value negligible with respect to the estimation
error, can better be fixated at zero. This leads to accept-
ing some bias in the optimal model in order to decrease the
estimation error.

The proposed algorithm for estimating AR-parameter
configurations performs satisfactory. In most applications
the claim of an a priori selected probability of estimating
a model with too many parameters is fulfilled. The only
theoretical weakness is the assumption of the statistical
independence of the MALL-ratios (21). Although this as-
sumption seems to be confirmed by simulations, a better
theoretical foundation is necessary.

In some cases our method fails systematically (see table
VI); we believe that this failure is not caused by a wrong
estimation method, but has a theoretical foundation. Some
models are given a certain number of observations N indis-
tinguishable. The problem of indistinguishable models has
been neglected in the literature.

Appendix

I. The pi-distribution

Assume K independent stochastic variables distributed
according to a chi-squared distribution with one degree of
freedom.

fχ2(xk) = e−
1

2
x
k

√
2πxk

(27)

We derive the distribution of the maximum of these K
variables and we call this distribution the pi-distribution.
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We have chosen for this name because it sounds like chi
and it is derived by a product.

The cumulative distribution function of a chi-squared
distribution with one degree of freedom equals:

Fχ2(xk) = erf
(√

xk/2
)

(28)

The cumulative distribution function of the maximum y =
max (x1, x2, . . . , xK) equals:

FΠ(y) =
(
erf

(√
y/2

))K
(29)

This is the cumulative distribution of the pi-distribution.
Differentiating the result leads to the probability density
function of the pi-distribution.

fΠ(y) = K

(
erf

(√
y/2

))K−1

ey/2
√

2πy
(30)

The pi-distribution with K = 1 corresponds with the chi-
squared distribution with one degree of freedom.
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