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Abstract

The Euclidean distance transform of a grey-scale image or volume with
grey-values h is the function dt that assigns to every grid point x the
minimum h(q)+ ||x−q||2 where ||x−q|| is the Euclidean distance between
x and q. The corresponding feature transform set is the function FT that
assigns to x the set of grid points q where this minimum is attained. A
simple feature transform is a function ft that assigns to x some element of
FT(x). Extending a previous paper in IPL on binary images and volumes,
we present a linear-time algorithm to compute dt, FT, and a canonical
simple feature transform. Pseudocode is provided for all three functions
in the 3D case.

Keywords: distance transform, feature transform, image reconstruction, image
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1 Introduction

The concept of distance transformation for binary images was introduced in
[14]. Given a binary image, the distance transform dt(x) of a grid point x is the
smallest distance of x to any point of the background. For many years, people
have been satisfied with so-called chamfer distances, see [1]. The first exact
Euclidean distance transform algorithms in linear time were given in [3, 2, 10].
Subsequently, other versions were invented by ourselves [12] and Maurer a.o.
[11]. See [6] for a comparative survey.

Feature transform is an abbreviation of nearest feature transform [13]. There
are two versions. The Euclidean feature transform set FT(x) of a grid point x
consists of the set of background grid points with minimal Euclidean distance
to x. The simple feature transform ft(x) just yields one element of FT(x), say
the first element in some lexical ordering of the grid points.

In [9, 8], we presented an algorithm to compute a simple feature transform
in linear time, and used this to define the so-called integer medial axis (IMA),
which is a kind of skeleton that can be computed in linear time. Indeed, for
many purposes, the simple feature transform seems to be good enough. Yet,
its use introduces a disturbing kind of nondeterminism.

The paper [5] uses feature transform sets (called downstream) to determine
Euclidean skeletons of images. The algorithm of [5] to compute the (extended)
downstream uses the Euclidean distance transform and a lookup table for the
integral vectors of given lengths. In [7], we provided a linear-time algorithm to
determine the Euclidean feature transform sets by means of a so-called concave
Minarg algorithm.
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We now extend the results of [7] to define and compute distance and feature
transforms for grey-scale images and volumes. These grey-scale distance and
feature transform algorithms are just as efficient as their binary versions. In
fact, the binary versions are often aplied to grey-scale images and volumes after
thresholding. Application of grey-scale versions instead may eliminate the need
for thresholding.

The grey-scale distance transform proposed generalizes the so-called reverse
distance transform of [15, 4], which is applied for image decoding when the
image is encoded as a union of disks (balls).

Overview. In Section 2, we specify the distance transform, the simple
feature transform, and the feature transform sets. In section 3, we derive the
algorithm for the determination of the feature transform sets, and its derived
algorithms for distance transform and the feature transform. Section 4 contains
concluding remarks.

Contributions. By treating grey-scale distance and feature transforms, we
include the so-called reverse distance transform of [15, 4]. The algorithm for the
distance transform sets is simpler than the one of [7], and just as efficient. The
derivation is also somewhat simpler. As these are only marginal improvements,
we plan to publish by simple web posting.

2 Specifying distance and feature transforms

We first set the stage for grey-scale images in arbitrary dimension d (though
usually d = 2 or 3). The grid Zd is regarded as a subset of the Euclidean
vector space Rd with its standard length function. For grid points x and y, the
squared distance is ||x− y||2 =

∑
i(xi − yi)2. This is always a natural number.

Computation of the square root is usually superfluous.
We define an image to be a pair (A, h) where A is a rectangular box in Zd

and h : A → R is a grey level function (integer or float). The grey-level function
h is combined with the Euclidean distance in A to a function f : A2 → R given
by f(x, p) = ||p− x||2 + h(p). We then define

dt(x, h) = Min{f(x, p) | p ∈ A} ,
FT(x, h) = {p ∈ A | f(x, p) = dt(x, h)} .

The reader may raise the objection that adding grey-values to squared dis-
tances is like comparing apples to pears. Indeed, in general, we propose to
apply the algorithm with h(p) not the grey-value itself, but some monotonic or
antimonotonic expression in the grey-value, which should depend very much on
the application. In applications where distances should compensate grey-values
linearly, one could take h(p) proportional to the square of the grey-value.

If we assume that h(p) ranges from 0 (black) to white, one criterion for
scaling could be the requirement that a single dark spot on a white background
should have impact everywhere in box A and in particular at the opposite
corner. This may suggest the condition diag2 ≤ white, where diag is the length
of the diagonal of the box.
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2.1 Two applications to binary images

A binary image is a pair (A,B) where A is a rectangular box of grid points in
Zd as before and B is a subset of A called the background. The complement
Fg = A \B of B within A is called the foreground.

The canonical distance and feature transforms of (A,B) are obtained by
taking some upper bound W ≥ ||x− p|| for all pairs x, p ∈ A. We then define

dt(x,B) = dt(x, hB) ,
FT(x,B) = FT(x, hB) ,
where hB(y) = (y ∈ B ? 0 : W ) .

W stands for white. If B is nonempty, dt(x,B) and FT(x,B) are independent
of the choice of W because, for every x, there is some background point with
square distance ≤ W to x. In that case, dt(x,B) and FT(x,B) are the same
as defined elsewhere, e.g., [9].

We also consider encodings of a binary image Fg , as a union of balls with
a set C of centers and square radii r(c) for c ∈ C. Formally, we define a pair
(C, r) where C ⊆ A and r : C → N, to be a covering pair if and only if

Fg = {x ∈ A | ∃ c ∈ C : ||x− c||2 < r(c)} .

When C can be taken small, this is an efficient encoding in the sense that it
does not take much space to store the pair (C, r). This raises two questions.

The first question is: how to reconstruct Fg or B efficiently from a covering
pair (C, r)? This question is reduced to the grey-scale distance transform by
observing that we have:

Fg = {x ∈ A | Min{||x− c||2 − r(c) | c ∈ C} < 0}
= {x ∈ A | dt(x, hr) < 0} ,

where hr(y) = (y ∈ C ? − r(y) : 0) .

This variation of the Euclidean distance transform is called the reverse distance
transform in [15, 4].

The second question is how to compute a small covering pair (C, r) efficiently
for a given set B? We hope to treat this question elsewhere.

3 Computation of distance and feature transforms

In this section we develop an algorithm for the feature transform sets FT(x, h)
for all x ∈ A. The basic idea is to use induction in the dimension. It turns out
that the base case is more complicated than the induction step.

Indeed, the one-dimensional case is treated in the sections 3.1, 3.2, and 3.3.
In Section 3.4, we treat the cases with dimension > 1, inductively. Section 3.5
presents pseudocode for the determination of the feature transform sets in the
3D case.

When h is fixed, we write dt(x) and FT(x) instead of dt(x, h) and FT(x, h).
A simple feature transform is a function ft with ft(x) ∈ FT(x) for all x.
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3.1 The one-dimensional case

The base case has dimension d = 1. In this case, A is a grid line and we
may assume that it consists of the integers x with 0 ≤ x < n for fixed n. So,
A = [0 . . . n) ⊆ N and we have to develop an algorithm to determine FT(x, h)
for all x ∈ [0 . . . n). In this case, function f of section 2 satisfies f(x, p) =
(p− x)2 + h(p) for all x and p ∈ A.

For the development of the algorithm, we keep the range [0 . . . n) of x
constant but replace the range of p by [0 . . . k) where k is a variable. Now
FT(x, h) = M(x, n) where M(x, k) is defined as the set of numbers p ∈ [0 . . . k)
for which f(x, p) is minimal. So, we have

(0) M(x, k) = {p ∈ [0 . . . k) | ∀ q ∈ [0 . . . k) : f(x, p) ≤ f(x, q)} .

For every p, the graph of function f( , p) is a parabola with top in (p, h(p)).
Therefore, M(x, k) consists of the indices < k of the parabolas that are minimal
at the argument x.

We obviously have ∅ 6= M(x, k) ⊆ [0 . . . k) for all k ≥ 1 and all x. In
particular, M(x, 1) = {0}. With respect to incrementation of k, the definition
of function M implies that M(x, k + 1) = M(x, k) if f(x, k) is bigger than the
minimal value of f(x, ) on [0 . . . k), that M(x, k + 1) = {k} if f(x, k) is less
than this minimal value, and that M(x, k + 1) = M(x, k) ∪ {k} in the case
of equality. This shows that, for every p ∈ M(x, k), we have the conditional
expression

(1) M(x, k + 1) =
( f(x, p) < f(x, k) ? M(x, k)
: f(x, p) = f(x, k) ? M(x, k) ∪ {k} : {k} ) .

This recurrence relation leads to a straightforward algorithm for the computa-
tion of the set M(x, n), which is of order O(n). When we need to apply this
for all x ∈ [0 . . . n), we get an algorithm of order O(n2).

To get a more efficient algorithm, we use that function M is in some sense
monotonic in its first argument:

(2) x < y ∧ p ∈ M(x, k) ∧ q ∈ M(y, k) ⇒ p ≤ q .

This is proved in

x < y ∧ p ∈ M(x, k) ∧ q ∈ M(y, k)
⇒ {(0) twice }

x < y ∧ f(x, p) ≤ f(x, q) ∧ f(y, q) ≤ f(y, p)
⇒ { addition }

x < y ∧ f(x, p) + f(y, q) ≤ f(x, q) + f(y, p)
≡ { definition of f and cancellation of h terms }

x < y ∧ (p− x)2 + (q − y)2 ≤ (q − x)2 + (p− y)2

≡ { the squares p2, q2, x2, y2 cancel }
0 < y − x ∧ 0 ≤ 2 · (q − p) · (y − x)

⇒ { calculus }
p ≤ q .
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For k > 0 and x ∈ [0 . . . n), we define a(x, k) to be the minimum of M(x, k).
We have 0 ≤ a(x, k) ≤ k − 1. It is convenient also to define a(n, k) = k − 1.
Formula (2) with y := x + 1 now implies that for all x ∈ [0 . . . n):

(3) a(x, k) ≤ a(x + 1, k) .

It even implies p ≤ a(x + 1, k) for every p ∈ M(x, k). Consequently, we get for
all x ∈ [0 . . . n) and 0 < k ≤ n:

(4) M(x, k) = {p | a(x, k) ≤ p ≤ a(x + 1, k) ∧ f(x, p) = f(x, a(x, k))} .

We now aim at an inductive expression for a( , k + 1) in a( , k). The set of
arguments x with a(x, k + 1) = k is a nonempty final segment of [0 . . . n]. We
therefore define the function u as the starting point of this final segment:

u(k) = min {x | a(x, k + 1) = k} .

For x ∈ [0 . . . n), we have

(5) x < u(k)
≡ a(x, k + 1) < k
≡ { (0) with p := a(x, k + 1) and q := k }

f(x, a(x, k)) ≤ f(x, k) .

Since a(x, k) ∈ M(x, k), it follows from (5), that formula (1) implies

(6) a(x, k + 1) = ( x < u(k) ? a(x, k) : k ) .

In order to apply formula (5), we observe that

f(x, p) ≤ f(x, q)
≡ (p− x)2 + h(p) ≤ (q − x)2 + h(q)
≡ 2x(q − p) ≤ q2 − p2 + h(q)− h(p)
≡ { assume p < q }

x ≤ (q2 − p2 + h(q)− h(p))/(2(q − p)) .

We therefore define the separator function g by

g(p, q) = b(q2 − p2 + h(q)− h(p))/(2(q − p))c .

If p < q, this function g satisfies for all integer x:

(7) f(x, p) ≤ f(x, q) ≡ x ≤ g(p, q) .

Notice that g(p, q) is not bounded to [0 . . . n).
Formulas (5) and (7) determine u(k) in terms of a( , k), while formula (6)

determines a( , k + 1) in terms of u(k) and a( , k). Therefore, the formulas
together are enough for inductive computation of a( , n).

In the corresponding section of [7], we also had a recurrence relation ex-
pressing M(x, k + 1) in terms of M(x, k). The use of this relation is eliminated
here. In fact, we shall see in section 3.3 that M( , n) can be recovered from
a( , n) in linear time.
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3.2 Algorithm design

By formula (6), function a( , k + 1) is obtained from a( , k) by modification
at the end by means of a constant function. It is therefore algorithmically
convenient to store a( , k) as a step function.

Since the sequence a( , k) is ascending by (3), we are especially interested in
the indices where it increases and in the corresponding values. Let Q(k) be the
set of indices x ∈ [1 . . . n) with a(x− 1, k) < a(x, k). Put q(k) = #Q(k) and let
t(1, k) up to t(q(k), k) be be the increasing enumeration of the elements of Q(k).
We also define t(0, k) = 0 and t(q(k) + 1, k) = n and at(i, k) = a(t(i, k), k) for
0 ≤ i ≤ q(t). Then we have

(8) 0 ≤ i ≤ q(k) ⇒ t(i, k) < t(i + 1, k) ,
0 ≤ i < q(k) ⇒ at(i, k) < at(i + 1, k) ,
0 ≤ i ≤ q(k) ∧ t(i, k) ≤ x < t(i + 1, k) ⇒ a(x, k) = at(i, k) .

In the next diagram, this is illustrated for fixed k using the abbreviations ax =
a(x, k), ti = t(i, k), and ati = at(i, k) for the case that t1 = 3 and t2 = 5.

at0

at1

at2

a0 a1 a2

a3 a4

a5 a6

t0 = 0 t1 = 3 t2 = 5

• • •

• •

• •

The base case is k = 1. Then we have q(1) = 0, and at(0, 1) = 0.
Assume that, for given k ≥ 1, we know q(k) and the numbers t(i, k), and

at(i, k) for i ≤ q(k). Formula (5) implies for i ≤ q(k)

(9) t(i, k) < u(k) ≡ f(t(i, k), at(i, k)) ≤ f(t(i, k), k) .

Note that 0 ≤ u(k) ≤ n. Since t(i, k) is increasing in i, we can use linear search
with formula (9) to determine whether u(k) = 0 or to determine the greatest
index j ≤ q(t) with t(j, k) < u(k).

If u(k) = 0, formula (6) implies q(k + 1) = 0 and at(0, k + 1) = k.
It remains to consider 0 < u(k) ≤ n, say t(j, k) < u(k) ≤ t(j + 1, k). For

any x with t(j, k) ≤ x < t(j + 1, k), we observe

x < u(k)
≡ { (5) } f(x, a(x, k)) ≤ f(x, k)
≡ { (8) } f(x, at(j, k)) ≤ f(x, k)
≡ { (7) } x ≤ g(at(j, k), k) .

Substituting x := u(k)− 1, this yields

u(k) ≤ 1 + g(at(j, k), k) .

To get the reverse inequality, we observe
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u(k) < n
⇒ { (5) with x := u(k) }

f(u(k), k) < f(u(k), a(u(k), k))
⇒ { definition M and a }

∀ q ∈ [0 . . . k) : f(u(k), q) > f(u(k), k)
≡ { (7) and q < k }

∀ q ∈ [0 . . . k) : g(q, k) < u(k)
⇒ { q := at(j, k) ∈ [0 . . . k) }

1 + g(at(j, k), k) ≤ u(k) .

In any case, we have u(k) ≤ n by definition. We thus get

u(k) = min(n, 1 + g(at(j, k), k)) .

Now that we have determined u(k), we can proceed to determine q(k + 1)
and the numbers t(i, k + 1) and at(i, k + 1) for i ≤ q(k + 1).

For x < u(k), it follows from (6) that a(x, k + 1) = a(x, k), so that the data
remain unchanged. On the other hand, for u(k) ≤ x < n, we have a(x, k +1) =
k. Therefore u(k) is the last index in the sequence t( , k + 1) before n and we
have a(u(k), k + 1) = k. This concludes the algorithmic analysis.

3.3 Data representation

It remains to encode the algorithm presented above in such a way that we can
efficiently gather the sets M(x, n) for all x.

We first declare program variables to hold the data in (8). We let k, which
represents k, proceed from 1 to n in fragment Build. Fragment FTharvest
collects and returns an array FT that satisfies FT(x) = M(x, n) for all y.

oneFT(n : N; h : [0 . . . n) → R) =
var k, q : Z ; t, at : [0 . . . n] → Z ;
Build ;
FTharvest .

In both Build and FTharvest, we use the functions f and g as they are defined
above in terms of h.

We let q stand for q(k) and, similarly, preserve the invariants t(i) = t(i, k)
and at(i) = at(i, k) for all 0 ≤ i ≤ q. The analysis in 3.1 and 3.2 leads to the
following algorithm that preserves these invariants:

Build :
q := 0 ; t(0) := 0 ; at(0) := 0 ;
for k := 1 to n− 1 do

LinearSearch ;
if q < 0 then Reset
else Update end

end .

The fragment LinearSearch makes q := j where j is maximal with j < 0 or
t(j, k) < u(k):
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LinearSearch :
while q ≥ 0 ∧ f(t(q), at(q)) > f(t(q), k) do q := q− 1 end .

Fragment Reset handles the case u(k) = 0:

Reset :
q := 0 ; at(0) := k .

Fragment Update determines u(k) and then restores the invariants:

Update :
w := 1 + g(at(q), k) ;
if w < n then

q := q + 1 ;
t(q) := w ;
at(q) := k ;

end .

We use vf = 2(n− k) + q to analyse the complexity of the algorithm Build.
Initially vf = 2n− 2. Since vf decreases both in the body of LinearSearch and
in the body of the outer loop, Build has time complexity linear in n.

It remains to determine the sets FT(x) = M(x, n) by means of formula (4).
This is implemented in

FTharvest :
var FT : [0 . . . n) → P(Z) ;
t(q + 1) := n ; at(q + 1) := n− 1 ;
for j := 0 to q do

x1 := t(j + 1)− 1 ; // used five times
for x := t(j) to x1 do FT(x) := {at(j)} end ;
for p := at(j) + 1 to at(j + 1) do

if f(x1, p) = f(x1, at(j)) then
FT(x1) := FT(x1) ∪ {p} end end end ;

return FT .

The time complexity of this collection phase is of the order of∑q
j=0(t(j + 1)− t(j) + 1 + at(j + 1)− at(j)) ≤ 3n .

Therefore the complete algorithm is of order linear in n.
The main difference with the algorithm of [7] is that all set manipulations are

moved from Build and Update to FTharvest. This variation has the advantage
that the scaled-down versions can be easily described.

For example, if one only wants the simple feature transform, one just re-
places in oneFT the fragment FTharvest by:

ftHarvest :
var ft : [0 . . . n) → Z ;
t(q + 1) := n ;
for j := 0 to q do

for x := t(j) to t(j + 1)− 1 do
ft(x) := at(j) end end ;

return ft .
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If one only needs the distance transform itself, one replaces FTharvest by:

dtHarvest :
var dt : [0 . . . n) → R ;
t(q + 1) := n ;
for j := 0 to q do

for x := t(j) to t(j + 1)− 1 do
dt(x) := f(x, at(j)) end end ;

return dt .

These are the algorithm described in [8, 9, 12].
Note that the specific form of function f only enters in the formulas (2) and

(7). Formula (2) is essential. If a function f satisfies (2) but there is no function
g with (7), the application of (7) in Update can be replaced by a binary search.

3.4 Higher dimensions

As announced, the higher dimensional cases are treated by induction in the
dimension. It turns out that the base case also serves in the step.

In the induction step, we assume that d > 1 and that algorithms to compute
dt and FT in dimension d− 1 are available. We then have to compute dt and
FT in dimension d. The rectangular box A is now a cartesian product of the
form A = A′ × [0 . . . n) where A′ is a rectangular box in Zd−1 and n ∈ N.
Function h is now A′ × [0 . . . n) → R.

For every y ∈ A′, we shall compute FT(x, h) for all grid points x = (y, z)
with 0 ≤ z < n. So, we let y ∈ A′ be fixed. By the Theorem of Pythagoras, the
distance transform dt(x, h) of a grid point x = (y, z) is the minimum value of
(q− z)2 + h(q), where q ranges over [0 . . . n) and h(q) = dt(y, Bq). In formulas,
this looks like:

dt((y, z), h)
= Min{||(p, q)− (y, z)||2 + h(p, q) | q ∈ [0 . . . n), p ∈ A′}
= Min{(q − z)2 + Min{||p− y||2 + h(p, q) | p ∈ A′} | q ∈ [0 . . . n)}
= Min{(q − z)2 + h′(q) | q ∈ [0 . . . n)} ,

where h′(q) = Min{||p − y||2 + h(p, q) | p ∈ A′} = dt(y, h( , q)). Now, h′(q)
can be computed since it is a lower dimensional distance transform. Similarly,
the feature transform FT((y, z), h) of (y, z) is the set of pairs (p, q) with q ∈
FT(z, h′) and p ∈ FT(y, h( , q))}. We thus obtain

dtd((y, z), h) = dt1(z, h′),
FTd((y, z), h) = {(p, q) | q ∈ FT1(z, h′), p ∈ FTd−1(y, h( , q))}

where h′ = (λq : dtd−1(y, h( , q)).

Here, we have given the functions dt and FT indices to indicate the dimensions.
This shows that the d-dimensional versions are expressed in a lower-dimensional
version and a one-dimensional version.

The occurrence of dt in the recurrence relation for FT can be eliminated
by the observation that h′(q) = dtd−1(y, h( , q)) = ||p − y||2 + h(p, q) for any
p ∈ FTd−1(y, h( , q)).
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3.5 The 3D case

We now only treat the case of a 3D box A with dimensions xL, yL, zL. So box
A is defined by the conditions 0 ≤ x < xL, 0 ≤ y < yL, 0 ≤ z < zL.

The algorithm has three phases. In the first phase, FT1 is constructed. For
every (x, y, z) ∈ A, the set FT1(y, z, x) holds the numbers p such that (p, y, z)
has minimal (p− x)2 + h(p, y, z). In the second phase, FT2 is constructed. For
every (x, y, z) ∈ A, the set FT2(z, x, y) holds the pairs (p, q) such that (p, q, z)
has minimal ||(p, q)−(x, y)||2+h(p, q, z). In the third phase, the actual distance
transform sets FT are constructed.

threeFT(xL, yL, zL : Z ; h : A → R) =
var FT1 : A1 → P(Z) ; FT2 : A2 → P(Z2) ; FT : A → P(Z3) ;

hh : Z → Z ; mm : Z → P(Z) ;
for all y, z do FT1(y, z) := oneFT(xL, h( , y, z)) end;
for all z, x do

hh := λq : (p− x)2 + h(p, q, z) with p ∈ FT1(q, z, x) ;
mm := oneFT(yL, hh) ;
for all y do

FT2(z, x, y) := {(p, q) | q ∈ mm(y), p ∈ FT1(q, z, x)}
end

end ;
for all x, y do

hh := λr : ||(p, q)− (x, y)||2 + h(p, q, r)
with (p, q) ∈ FT2(r, x, y) ;

mm := oneFT(zL, hh) ;
for all z do

FT(x, y, z) := {(p, q, r) | r ∈ mm(z), (p, q) ∈ FT2(r, x, y)}
end

end ;
return FT .

The set A1 consists of the triples (y, z, x) with (x, y, z) ∈ A. Similarly, A2

consists of the triples (z, x, y) with (x, y, z) ∈ A.
Note that the choices made by choosing elements of FT1 and FT2 are irrele-

vant for the result because all elements of a feature transform set have the same
distance. Alternatively, one can extend method oneFT in such a way that it
also yields the corresponding distance transform. In that case, the computa-
tions of hh can be simplified. We rejected this solution because of its memory
requirements.

Remark. For most purposes, one would prefer the scaled-down version of the
algorithm that yields the simple feature transform ft, which is characterized
by the fact that ft(x, y, z) is the lexically first element of FT(x, y, z). The
scaled-down version is obtained by scaling-down oneFT in such a manner that
it yields arrays ft : Z → Z. For this purpose, fragment FTharvest is replaced
by ftHarvest. In threeFT, the arrays FT1, FT2, and FT are replaced by

ft1 : A1 → Z ; ft2 : A2 → Z2 ; ft : A → Z3 .
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The choices in the definitions of hh are removed and the assignments to FT2
and FT are replaced by

ft2(z, x, y) := (ft1(q, z, x), q) where q = mm(y) ;
ft(x, y, z) := (ft2(r, z, x), r) where r = mm(z) .

So the main difference is the removal of the second inner for-loop of Harvest
and the elimination of the set-building operations. 2

4 Concluding Remarks

The present algorithm is a minor modification of the one in [7], and actually
closer to the one of [12].

We compared a prototype implementation in Java with a similar one for
the program of [7]. Both versions now analyse the blood vessel volume of
128× 128× 62 voxels in 1.35 seconds on a Pentium 4 (3GHz). The deviations
are such that no preference can be found.
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