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Universally Distributive Ordered Sets
— several known results —
Wim H. Hesselink, January 13, 2009

Abstract. Complete distributivity of ordered sets is expressed with choice
functions and therefore often requires the Axiom of Choice (AC). It is known
that AC can be avoided. We use the term universal distributivity for the
version of complete distributivity that avoids AC. It is proved here that
universal distributivity is self-dual: the dual of a universally distributive
ordered set is itself universally distributive. It is also proved that every com-
plete chain is universally distributive, and that every product of universally
distributive ordered sets is universally distributive. Finally, two apparently
simpler characterizations of universal distributivity are provided. All these
results are known, but not so easy to find.

1 Introduction

A personal note of mine, dated January 1987, refers to [BD74](p. 232) for the the-
orem that complete distributivity of complete lattices is self-dual. The book was in
the mathematics library in Austin, Texas, so I cannot consult it conveniently. The
Wikipedia item for complete distributivity of 14 November 2006 gives a formulation
of complete distributivity that is independent of the Axiom of Choice. This formu-
lation is equivalent to universal distributivity as defined below. Since the item lacks
proofs, or references that are easily consulted, I treat the matter here from scratch.
The present text is a minor extension of a text written January 2007.

2 Universal Distributivity

Following [BW90], we use the term order and ordered set where other authors use
partial order and partially ordered set (or poset). Recall that an ordered set X is
called complete if every subset K of X has a least upper bound (denoted \/ K) and
a greatest lower bound (denoted A K) in X.

For any set X, we write P.X to denote its power set, i.e., the set of its subsets. Let
X be a complete ordered set. For sets of subsets S, T' € P.(P.X), we are interested
in relating \/{A A | A € S} and A{V B | B € T}. We first note that

VINATAe S <NMVB|BeT}

{ definitions of \/ and A }

VAeS,BeT: NA<\B

< {z€eAnBimplies N\A<z<\/B}
VAeS,BeT: ANB#10.

This proves that

(0) (VAeS,BeT: ANB#0D)
= V{ANA|AeS}<A{\VB|BeT}.
We are now interested in a symmetric condition on S and T that implies equality

in the consequent of (0).
For any S € P.(P.X), we define the up-closure up.S and the opponent S# by

up.S={KeP.X|3A€S: ACK},
S#={BeP.X|VA€S:ANB#0}.



The antecedent of (0) is equivalent to T C S# . and also to S C T#. The relevance
of the up-closure is that {A A | A € up.S} = {A\A| A€ S} so that

(1) VIANA|Aecup.S} =V{NA|AeS}.

If S C T# then S C up.S C T#. This may suggest up.S = T# as a condition
to imply equality in the consequent of (0). Indeed, this is a symmetric condition,
since we have, with K ranging over P.X,

up.S = T#
= { definitions }
VK:(3A€eS:ACK)=(VBeT:BNnK#0)
{ negate both operands of = }
VK:(VAeES: AN(X\K)#0)=(3BeT:BC(X\K))
{ replace X \ K by K }
VK:VAeS:ANK#0)=(3BeT:BCK)
= { definitions }

S#* = up.T .

Let us define a pair of sets S and T to be entwined if up.S = T7#, or equivalently
if S# = up.T. We define ordered set X to be universally distributive if it is complete
and, for every entwined pair S and T, we have

(2) VINA|AeS=MVB[BeT}.

Since entwinedness is symmetric, universal distributivity is self-dual:

Theorem 1. Let X be a universally distributive ordered set. Then the dual ordered
set (X, <°) given by x <° x’ = 2’ < x is also universally distributive.

Classically, a complete ordered set X is called completely distributive, if for every
T € P.(P.X), we have

3) MVB|BeT}=VcrrNper f-B -

Here [[T = [[geq B is the set of choice functions of T. Using fT for the direct
image function, the righthand side of (3) can be reformulated as

Vierir Nger f-B
er]‘[T/\fT~T
VINA|AeT'} where T ={fI.T| f [T}
Note that 77 C T# since f.B € fI.T N B for any f € [[T and B € T. Using (0),
we get

VINATAeT} <VINA|AeT#} < N{VB|BeT}.

This shows that complete distributivity of X implies

MVBI|BeTt=V{\NA|AeT#}.
If S and T are entwined, this implies formula (2) because of (1). This proves that
complete distributivity implies universal distributivity.

We assume validity of the Axiom of Choice to prove the converse implication.
Let T be given. For every A € T#, the Axiom of Choice implies that there is
some f € [[zer(AN B); this f satisfies f € [[T and f1.T C A. Therefore, T# is
contained in the up-closure of 7”. Since also 7" C T#, it follows that {\ A | A €
T#} = {\A| A€ T'}. Therefore, formula (2) with S = T# implies A{\/ B | B €
T} =V{NA| AeT'},ie., complete distributivity of X. To summarize, we have

Theorem 2. (a) Any completely distributive complete ordered set is universally
distributive.

(b) The Aziom of Choice implies that any universally distributive ordered set is
completely distributive.
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3 Universal Distributivity of Chains

Recall that an ordered set X is called a chain if x < 2’ or 2’ < x for all z, 2’ € X.
Theorem 3. Let X be a complete chain. Then X is universally distributive.

Proof. Let T € P.(P.X). Puta=\V{ANA|AcT#}and b= A\{\VB|BeT}. It
suffices to prove that a = b. Formula (0) implies a < b.

We therefore assume a < b and aim at a contradiction. We first claim that there
are a’ and b’ € X with the properties a’ < b and a < V' and

(4) VzeX:z<b = z2<d .

There are two cases. If there is an element w with ¢ < w < b, we can choose
a’ = b = w. Otherwise, we can choose a’ = a and b’ = b since X is a chain.
We now observe

VINA|AeT#} =a
= {wehave A{u|b <u}=V>a}
{u|b <u} ¢ T#
{ definition T# }
IBeT:Bn{u|l <u}=0
{ X is a chain }
IBeT:YueB:u<l
S (@)}
IBeT:YueB:u<a
= {some Bhas\/B<d }
b=AN{VB|BeT}<d <b,

which is a contradiction. O

Corollary 1. The ordered set B of the Booleans with false < true is universally
distributive.

4 Products of Universally Distributive Posets

Let X = [[;c; X.i be a product of a family (i € I : X.i) of ordered sets X.i,
equipped with the argumentwise order: x < y = (Vi : 2.4 < y.i). Recall that least
upper bounds (/) and greatest lower bounds (/\) can be taken argumentwise. So,
if all ordered sets X.i are complete, the product X is complete.

Theorem 4. Let (i € I : X.i) be a family of universally distributive ordered sets.
Then the product X = [[,c; X.i is universally distributive.

Proof. Tt suffices to observe that, for any entwined pair S and T' € P.(P.(X)), we
have

ViNA|AeSy=NVB|BeT}
< { extensionality, take arbitrary ¢ € I }
VINA|AeSti= MV B|BeT}i

{V and A are taken argumentwise }

VINFilfeAr|AeSy=NV{gilge B} BT}

< { X.iis universally distributive }
{{fi| feA}| Ae S}t and {{g9.i| g € B} | B € T} are entwined.

This entwinedness in X.i is proved by observing that, for any subset K of X.i,



Keup{{fi|feA}|AeS}
{ definition up }
JAeS:{fi|feA}CK

{ calculus }
JAeS:AC{feX|fie K}
{ definition up }
{feX|fieK}eup.S

{ S and T are entwined }
{feX|fieKyeT?

{ definition T# }
VBeT:BNn{feX|fieK}#0
{ calculus }
VBeT:Kn{gi|lgeB}#0
{ definition of # }
Ke{{gi|lgeB}|BeT}* .0

Note that we do not use the Axiom of Choice in this proof.

Corollary 2. Let X be a universally distributive ordered set. Let Z be an arbitrary
set. Then the set of the functions Z — X is universally distributive.

5 An Alternative Characterization

In this section, we prove an apparently simpler characterization of universal dis-
tributivity, which again is inspired by the Wikipedia item mentioned above.

Let a subset B of X be called down-closed if x <y € B implies z € B for all x
and y. Let D.X be the set of down-closed subsets of X. We claim

Theorem 5. A complete ordered set X is universally distributive if and only if
(5) vIeP(DX): N{VB|BeT}=\VNT.

Note that, in words, T" ranges over all sets of down-closed subsets of X.

In order to prove this theorem, we need to relate arbitrary subsets of X to down-
closed ones. We therefore define the down-closure function down : P.X — D.X by
down.B={x|3be B:x <b}. We also use the associated direct image function
down' : P.(P.X) — P.(D.X). Theorem 5 is based on the following general result:

Theorem 6. Let T € P.(P.X). Then \/[{\ A| A € T#} =\/(\(down'.T).

Proof. Let us write LHS and RHS for the lefthand side and the righthand side of
the equality. We prove the equality by means of two inequalities.

First, let z € (\(down'.T). For any B € T, we have = € down.B, so there is
y € B with < y. This implies {y | z < y} € T#. Since A{y | z < y} = z, it
follows that x < LHS. Since this holds for arbitrary z, this proves RHS < LHS.

Conversely, let A € T# be given. For any B € T, there is some z € AN B,
which therefore satisfies A A < x € B, so that A A € down.B. This implies that
A A € N(down'.T) and hence A A < RHS. Since this holds for arbitrary A, it
follows that LHS < RHS. O

We can now prove Theorem 5. First, assume that X is universally distributive.
We verify formula (5), by observing, for any T € P.(D.X), that

MV B|BeT}
= { universal distributivity }
VIANA| AeT#}
{ Theorem 6 and down'.T =T }
VNT.
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For the converse implication, we assume that (5) holds and observe for any set
TeP(P.X)

VINA|AeT#}
= { Theorem 6 }

\/ N(down'.T)
= { formula (5) for T := down'.T }

MV (down.B) | Be T}
= { relation between down and joins }

MVB|BeT},

thus proving universal distributivity. This completes the proof of Theorem 5.

For completeness, we also give the dual version of Theorem 5. Let a subset A of
X be called up-closed if x >y € A implies z € A for all x and y. Let U.X be the
set of up-closed subsets of X. Then we have

Theorem 7. A complete ordered set X is universally distributive if and only if

VSeP.(UX): VINA|AeSI=ANS .
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