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The cumulant expansion for linear stochastic differential equations is extended to the case of linear
stochastic difference equations. We consider a vector difference equation, which contains a deter-
ministic matrix 4, and a random perturbation matrix 4,(¢). The expansion proceeds in powers of at,,
where 7, is the correlation time of the fluctuations in A4,(t) and « a measure for their strength.
Compared to the differential case, additional cumulants occur in the expansion. Moreover one has to
distinguish between a nonsingular and a singular 4,. We also discuss a limiting situation in which the
stochastic difference equation can be replaced by a stochastic differential equation. The derivation is
not restricted to the case where in the limit the stochastic parameters in the difference equation are
replaced by white noise.

1. Introduction

In this and a subsequent paper we study the stochastic difference equation
ut)y=At,o)ut —D+f(t,o) (t=t+1,1+2,..), (1.1a)
u(ty) = u(w), (1.1b)

where u(t) is an n-dimensional vector. A(f,w) and f(f, w) are a random
time-dependent coefficient matrix and inhomogeneous vector, respectively*. The
initial condition #(w) may in general be taken random too. The random nature
of all these quantities is indicated by the parameter w, which is an element of a
set © which, together with a ¢-algebra X on Q and a probability measure P on
2, constitutes a probability space. In the following we will usually omit the
parameter .

We are interested in the statistical properties of the solution u(z, w) of (1.1),
such as its moments, correlation function (or covariance), distribution function
etc., when the statistical properties of A4, f and u, are prescribed (by giving their

*We use the words “random™ and “stochastic” interchangeably. A non-negative matrix, whose
columns sum to one will be called a “Markov matrix™"), instead of “stochastic matrix™?).
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joint probability distribution or joint moments, cumulants etc.). Averages with
respect to P are indicated by angular brackets, e.g.

(u(t))y = JdP(w)u(t,co). (1.2)

Probably the first studied equations of this type are the autoregressive equa-
tions, which are used in time series analysis and economy*”). In this case the
inhomogeneous term f in (1.1) is random, but not 4. Such equations are called
additive.

Equations where also the matrix 4 is random are called multiplicative. A
one-dimensional example was discussed by Paulson and Uppuluri®) in their study
of compartment problems. For an application to random walks in random
environments see ref. 9, section 4. A summary of known results for the one
dimensional case is given by Vervaat!'?), who also provides an extensive bibli-
ography. The n-dimensional case was studied by Kesten'').

All authors mentioned so far consider the situation where the sequence of pairs
{A (1), f(r)} is independent identically distributed (i.i.d), although 4 and ' may be
statistically dependent. In this special case it is often possible to obtain exact
results concerning the limiting behaviour of the probability distribution of u(¢) as
{—00.

In this paper we will be concerned with eq. (1.1) where {A(s)} is an auto-
correlated stochastic matrix sequence, f(¢) is identically zero and the initial
condition is non-random. In a second paper we treat the general case where both
A and f are autocorrelated and possibly crosscorrelated with each other and with
the random initial condition uy(w).

Because of the much higher complexity of the problem it will in general be
impossible to obtain exact resultst. So our goal will be to obtain a systematic
perturbation expansion for the case of small and rapid fluctuations in 4. That is
we assume A () to be of the form A(t) = 4, + aA,(t, w) where A4, is a deterministic
matrix, 4, random and « a small parameter measuring the magnitude of 4,. An
important property of the expansion is that it is valid for large ¢, i.e. it avoids
secular terms.

The method we use is a straightforward generalization of the cumulant
expansion for linear stochastic differential equations'*'%). The basic assumption
is that the fluctuations in A,(t, w) (as measured by the parameter «) are small and
that the cumulants of 4; decay rapidly. In this case one can define an auto-
correlation time 7, which is a measure for the time interval within which the

+For some limit theorems on products of random (possibly correlated) matrices, see Furstenberg
and Kesten'?).



LINEAR STOCHASTIC DIFFERENCE EQUATIONS 457

autocorrelation is still appreciable. The expansion then proceeds in powers of at,.
The result is that the average of the solution u(¢, w) of (1.1) with f = 0 and a fixed
initial condition u, obeys itself a first order difference equation

@)y ={1+K@/t)}{u@t = 1)) (=t0+1,8+2,..), (1.3)

where K(¢/t,) is a deterministic matrix, which is obtained in the form of an
expansion involving the correlation functions of 4,(z, w). Moreover, K(¢/t,) is
independent of ¢, when ¢ — 1, > 7.. Higher moments of u, such as (u()®@u(r))
where ® denotes a Kronecker product, can be obtained in the same way, because
u(t) ® u(r) obeys an equation of the same type as u(?) itself. Multi-time averages,
such as the correlation functions (u(¢)® u(t’)) will be-considered in part II.

Equations of type (1.1) with autocorrelated noise have recently been studied in
population biology as a model for age-structured populations in random environ-
ments, see for example Cohen'’), Tuljapurkar and Orzack'®) and Tuljapurkar'?).
These authors assume that the matrix 4,(¢, w)in (1.1) is an n-dimensional Markov
chain* endowed with certain ergodic or mixing properties which are mathe-
matically more precise formulations of our assumption of a small correlation time
7.. In this case the bivariate process {u(t), A (t)} constitutes again a Markov chain,
which makes it possible to evaluate various quantities exactly, such as moments
or the invariant long run distribution (see ref. 17, III). In part II we will show that
the moments satisfy an exact difference equation from which they can easily be
calculated®). '

It should be emphasized that we do not make these assumptions in the present
treatment. Our only assumptions concern the parameters « and 1, as explained
above. It will turn out that if at, is small enough the lowest order moments of
A,(t) determine the value of {u(r)), whatever the precise nature of 4,(¢) may be.
Moreover, even if {A,(t)} is a Markov chain and therefore {u(r)) can be exactly
calculated, it may well be hard to do so explicitly (even numerically) if the
dimension of A4, is large. For this reason Tuljapurkar!®) also resorted to a
perturbation expansion, but he did this only for the sum of the (in his case
nonnegative) components of #(¢) and again assumed a Markov chain 4,(¢).

The paper is organized as follows: section 2 is devoted to the derivation of the
expansion in the case that the unperturbed matrix A4, is nonsingular. (Since we will
repeatedly use the analogy with the expansion for a s.d.e.f, we summarize the
results for that case as far as necessary in an appendix.) The reader who wants

* By a Markov chain we mean a Markov process with discrete time parameter and discrete or
continuous state space.

t Henceforth we use the abbreviations: r.d.e. =random difference equation; s.d.e. = stochastic
differential equation.
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to skip the details of the derivation finds a summary of the expansion to order
a’t, in subsection 2.5.

Section 3 considers different limiting cases. In particular we show that in a
suitable limit we can replace (1.1) by a s.d.e. in the sense that the result of the
cumulant expansion for the r.d.e. approaches that for the s.d.c. Also the first
correction to this limit is calculated for the case in which the discreteness of time
steps constitutes only a small deviation.

Section 4 illustrates the results with a simple example for which exact results
are available for comparison. Finally we consider in section 5 the case that the
deterministic A4, is singular, which necessitates some modifications in the results
of section 2.

2. The cumulant expansion

2.1. Definition of the interaction representation

Consider the vector difference equation

u(t)=A(t, o —1) (tel, ), (2.1a)
u(ty) = uy, (2.1b)

where A(t) = Ay(t) + a4,(t, ), Ay(¢) being a deterministic matrix, 4,(z, w) ran-
dom, u(¢) an n-vector and a« a parameter. We conform here to the notation of
Miller*) and denote by I={...,-1,0,1,...} the set of all integers and
I,= {a, a+l,a+2,.. .}, where ael. The initial condition u, is taken to be
non-random.

The essential assumption of the present method is that 4,(¢) possesses a short
correlation time 7, in the sense that 4,(¢r) and 4,(¢’) are statistically independent
when |t - t’, > 1.. E.g. if 4, is generated by a Markov matrix p; we can define 7,
by e Ve = |ll , where 4, is the eigenvalue of p; with largest modulus smaller than
1.

For notational convenience we first define the analog of the matrizant?) for the
case of a matrix differential equation (denoted by Q,, in the case of a s.d.e.'®)). That
is, the unique matrix solution of*

X)=AWX@e-1) (el .,
X(t0)= ls

*We denote the unit matrix just by 1 if no confusion is possible.
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is written as
t
T [] A4G), tel, .,
X (t]tg) =] *=tt! (2.2)
1, t = t() .

The symbol T (in 2.2) stands for the time-ordering operator which orders the
matrices in decreasing timeorder from left to right. The inverse of &, exists if 4
is nonsingular and is given by

T H A_‘(S), t61t0+1’
T/ =< T (2.3)
1, =1,

where T is the anti-time-ordering operator (times increasing from left to right).
With these definitions we now introduce the interaction representation (denoted
by a superscript ) via

u(t) = &, (t/tyu(t) (tely) (2.4a)
and
AP() =T 5 /1) AT 4 (t — 1/te) (tel,1) (2.4b)

under the assumption that Ay(7) is nonsingular on I, . ,. Then one finds from (2.1)
the transformed equation

w1 = {1+ aAPE )t — 1) (el ), (2.5)
u(t) = uy . (2.5b)

2.2. The expansion

From now on we will only consider the equation in the interaction represent-
ation, eq. (2.5). Therefore we drop superfluous super- and subscripts and write
(2.5) as

Au(t — 1) =oA(t, @)@t — 1) (tel, ), (2.6a)
u(to) = uy - (2.6b)

In the following we assume that the norm of A is of order one and a < 1. By the
introduction of the difference operator 4, defined by Af(¢) =f(t + 1) — f(¢) for
arbitrary f, we want to emphasize the analogy with the case of a linear s.d.e.. In
fact, most of the theory for the latter case can be straightforwardly generalized
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to the present situation of difference equations (a noteworthy exception being the
case of a singular A4, which poses no difficulty for differential equations).
Hence we will not repeat the arguments for expanding in cumulants rather than
in moments, nor consider in detail the question how to justify the expansion, but
refer to the previous literature’™'®). A summary of the most relevant results is
given in the appendix.

The formal solution of (2.6) is

u(z)=[T H {1+ozA(s)}:|uo (tel, ), o))

s=1+1

from which one derives the moment expansion for the average of u:

<u(r)>=[1+a T Ay Y (AAw)

12> 2 >1t>
1 0 1 274

oot a0 AMAE —1) .. A+ 1)>]u0. (2.8)

All summations run over all discrete values between the indicated limits. Now, in
contrast to the expansion for a s.d.e., the series (2.8) terminates. We can of course
formally write 2.8) as (¢ = 1,> ¢4, i =1,2,...,1)

{u(t)y = |:1 +Y o Y (A@DA@R). .. A(t,)>:| Uy, 2.9
I=1 H>ty...>y

because there are no sets {1, 1,, . . ., ¢/} satisfying t > ¢, ... > ¢,> fywhent — f, < I.
In the form (2.9) the analogy with the case of a s.d.e. is clearly displayed (compare
eq. (A.3) of the appendix).

As is well known'*%), a series of this kind cannot be truncated to obtain valid
approximations for large ¢. For this reason we use the following method}. Write
(2.8) as

Au(t —1)) = <aA(t) [T ﬁ {1+ ocA(s)}]> U . (2.10)

s=ty+1

Express u, in {u(¢ — 1)) by inverting (2.8) (with ¢ replaced by ¢ — 1), which will
be possible if « is smal enough, and substitute the result in (2.10) to find

Au(t = 1)) = K(t/te){u(t — 1)), (2.11a)
where
K(t/t0)=<aA(t)[T ﬁ {1+aA(s)}]><T ﬁ {1+aA(s)}>_1.
e e @2.11b)

tFor the justification of such a procedure, see ref. 13, 14.
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The egs. (2.11) constitute the central result upon which our subsequent consid-
erations will be based.
The matrix K(¢/t,) is expanded in powers of «

K= 3 K t/o) 1)
where K, is of order a™. For example

K, =a{A(1)), (2.13a)

K=o Y {{A@®)A@F))—{A@)){A))}, (2.13b)

K=o Y {{40)A4)An)) — (A0 AW)A (1))}

+@ T ¥ {—{AOAWXA®) + ANX A AW}
e (2.13¢)

The general expression for K,, can be written in terms of the averaging operator
2, defined by '

Po=(). (2.14a)
For later use we also introduce here the averaging operator 2 by
2=1-2. | (2.14b)
Now all terms of order a™ in (2.11b) can be represented by the formula
K, (t/ty) =a" {r.,;trm y (A = PVA(1)1 — PVA(L) ... (1 = PYA(L,,_1)),
(2.15)

where the asterisk means the following: after expressing the summand of (2.15) in
the moments of 4, one has to sum each term over all ¢, ¢t >, > ¢,, with the
restriction that successive time variables within the same moment are always
decreasing (see for example (2.13c)). The summand of (2.15) has previously been
called a “totally time ordered cumulant” (¢-cumulant for short) and is denoted
as (sec also the appendix)

AMAM) ... Aty ),

To save writing we will often use the abbreviated notation «aA(f)=i
(i=12,....m—1), aA(t) =0, so (2.15) becomes

K,,,(t/t(,)={ 3 }(01...(m—l)>t. (2.16)
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2.3. The p-cumulants

Now we are going to express the quantity (2.15) as a summation over the
so-called “partially time-ordered cumulants™!®) (abbreviated as p-cumulants).
This i1s analogous to the case of a s.d.e. (eq. (A.6) of the appendix), but now
additional cumulants emerge.

As the first step we will collect all terms in (2.15) for which all time variables
t,ty ..., t,_; take on different values (i.e. no two equal). It will be shown that
after a relabeling of summation variables all these terms can be written as an
ordered summation over ¢, f,,...,1t,_;, denoted as

Kerb= Y, 2.17)

where [t), t,, . . ., ,,_ ] stands for the ordered sequence t, > £, > - - - > 1,,_,, and the
summation extends over all integer values between #, and ¢ compatible with this
ordering. The superscript ™~? in (2.17) indicates that all m — 1 summation
variables are different.

One term of (2.15) which contributes to (2.17) is that for which
t,>1t,>"->1t,_; in the original time variables

Y (012...(m—1)),.
1

Secondly one might take all terms of 2.15) witht, > ¢, > t; >, >--->t,_,. This
means that A4(¢) and A(z,) necessarily belong to different moments. So by a
relabeling of the summation variables ¢, and ¢, we can write this term as

Y 1—(02>t<134...(m — D).

In fact, in the case of a s.d.e. K, is also of the form (2.15) with all summations
replaced by integrations, but with the same restrictions on the integration
variables that are indicated by the asterisk. However, in the latter case there are
no separate terms for equal integration variables* (see ref. 15, subsection 3.3). So
we can immediately conclude that all terms in (2.15) with distinct time variables
ti, tay .. ., t,_, can be written in the form (A.6) of the appendix with integrations
replaced by summations

Krv= ¥ (012...(m—1)),. (2.18)
LT Iy 1]

The symbol (- - -, in (2.18) denotes the p-cumulant of m matrices 4. It is a sum
of (m — 1)! terms (one term for each permutation of 1,2,...,m — 1), each of

* These are included as upper limits of the integration domains, see (A.6).
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which is a product of t-cumulants. For the precise definition we refer to the
appendix. The most important feature of this decomposition in t-cumulants is that
two successive matrices A(#;) and A4(t;) occurring in a permutation belong to the
same t-cumulant if ¢, > ¢, (so i <), but to different t-cumulants if ¢, < 7; (i > j) (the
reason is again that these matrices 4(z) and A () originally (i.e. in (2.15)) must
have belonged to the same or to different moments, respectively).

Now we are left with the terms in (2.15) where two or more time variables are
equal. Again these terms can be written as ordered summations over m — 2,
m — 3, ... distinct time variables. The method is the same as above, the only
difference being that successive matrices 4(z,) and A(z) belong to the same, resp.
different t-cumulants if ¢, > ¢, (i <), resp. t; < ¢, (i > /) (matrices with equal time
variables can never have belonged to the same moment). For example all terms
in (2.15) with ¢, =6,>¢>+->1,_, can after relabeling of time variables be
written as

Y =012, (m —2)), (2.19)
P
or all terms with t,=1t,> 6>, > t;>t, > - >t,_, yield

T (03)(12)(145 ... (m —2)), . (2.20)
-1l

In this way one can collect all terms in (2.15) with two equal time variables which
are larger than the remaining ones and we write them as

Y (01123...(m—2)),. 2.21)
(tye it 2

The summand in (2.21) is a p-cumulant with equal numerals (corresponding to
matrices with equal time variables). Its decomposition into j(m — 1)! products of
t-cumulants (of which the summands of (2.19) and (2.20) are two examples) is
given in the appendix. Of course there are also terms with two equal summation
variables where of the (m — 3) other ones there is one larger and (m — 4) smaller
than these two. They can be written as

Y (012234...(m —2)),. (2.22)
[LUTRR. |
In this way one obtains all terms in (2.15) with precisely m — 2 distinct time
variables in the set {¢,,1,, ..., 1,_,}. The collection of all these terms is denoted
by Km-2,

In general we denote the collection of all terms with i distinct time variables out
of the set {1, 1,,...,4, ,} by K, i=1,2,...,m — 1. Since there can at most be
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t — t,— 1 different integers between ¢, and ¢ we have that K& =0 for i >t — ¢, if
m>t—t,.

Summarizing the above considerations we get the following rules for obtaining
K. (t/t) in (2.12):

i) Choose a number ie{l,2,...,m —1}.

ii) Choose n, times a number 1, n, times a 2,...,n; times a i, so that
m+nm+...m;=m—1;n=1,2,...(thiscan be achleved in (7~2) possible
ways); call the sets of numbers thus obtained Sf(i,m —1),
I=1,2,...,(""¢}

iii) For each [/, write a sequence of m dots. Write a zero on the first dot and
place the numerals in S, on the remaining dots in nondecreasing order.

iv) Put brackets (- - -), around each sequence of numerals.

v) Replace each numeral k& by ad(z) (and 0 by «A4(¢)) and sum the
resulting expression over #,, &,, . . . , {; where each time variable runs through
all integer values between #, and ¢ under the restriction ¢, >, > - >t.

vi) Sum all contributions from the sets S{i, m — 1) for different /. This yields
K9,

vii) Finally sum over all values of i to obtain

K, (t/t) = Y, KXt/ty).

Exampies (all primed summations X’ are between #, and ¢):
K=K = “<0>p ’

K, = ”—azz 01),,

K9 =o' T (02K =2 (011, @23)

>

KP=o T (0123); KP=a* 3 ((0112),+ (0122).},

H>tH>0 n>n
K9 =Y (0111, .
a

A general definition of the p-cumulant is given in the appendix. The lowest order
ones are

(095 = {0); {013, = {01} — (0){1) = 01 ).
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With double brackets {---) we denote ordinary cumulants'). If the matrices
A(t) and A(1’) commute for all ¢ and ¢’ the p-cumulants can be expressed in
ordinary cumulants'?).

Finally we want to give a very formal expression for K(¢/t;) from which one
can obtain all the terms K, by expansion with respect to a. Let us first formally
sum all terms K

Y KW= (01, + (011, + (0111 Y+
m= n

= o’} (A@): A1 —ad(1)™":), . (2.24)

The colons in (2.24) indicate that to evaluate the p-cumulant one should first
expand the expression between the colons in powers of a and subsequently take
the p-cumulant of each term. In the same way one finds

i K@=Y" a’A@):A@)A):),, (2.25)

n>n
where 24 (t) = a4 (t)(1 —aA(t))~". Continuing in this way we arrive at

—t—1

K(t/t) = alA(t)) + Z-l am*tt Y LA A@)A@) .. A,

H>n> >ty

=<aA(t):[T ﬁ (1+a/i(s))}> . (2.26)

s=t+1

This compact but formal representation of K will be useful when studying the
correlation functions of u«(¢). This will be taken up in part IL

2.4. Estimates for large time

It is known that the p-cumulants have the cluster property'“"), i.e. if the
moments {(A(t)A(t)... A(t,_,))factorize, the corresponding p-cumulant
(A()A(1) ... A(,_,)), vanishes. Since we assume that the stochastic matrix-
sequence {A ()} has a finite correlation “time” ., this will be the case if there is
a gap between two successive times ¢, and ¢, | large compared to 7. If two or more
time variables in a p-cumulant are equal, the same is true if there is a gap of order
7. between two successive distinct time variables (this can be shown via the
decomposition in f-cumulants along the same lines as in ref. 15, appendix A).

As a consequence the summations in the cumulant functions K, (z/t,) virtually
extend only over intervals of order 7., and in particular we may replace the initial



466 J.B.T.M. ROERDINK

time ¢, in K(¢/1;) by — oo if ¢t — ¢, > 7.. This enables us to deduce the following
estimates for the successive K{’s (assuming that [[4(¢)|| is of order one*), which
are valid after a transient time much larger than 7, (compare the discussion for
a s.d.e. in ref. 15)

Kl ~a H
K~ a(at,),
K9 ~ a(ar.)?, KPP ~ a¥(az,), .27

K@ ~a(ar)’, KP ~ o’(a1)’, K ~ &(an)

And generally
KO~ amiaz.) . (2.28)

These estimates can be sharpened in many cases. To give a concrete example, let
us assume that

[<AMA() ... A < Clol'= (o] < D), (2.29)

where C,, is a constantt. This condition is met in several important cases). Then
we have the estimate

N le|

0 1 =

KW ~amlyt oy a1_|p|. (2.30)
If we now define 7, by |p| =e~"%, then y <oaz,.

The most important result of this section is that after a transient time of order
7., the average of the solution u(¢) of (2.6) obeys itself a first order difference
equation with coefficients which are independent of the initial time z,. If {4(¢)}
is a stationary sequence the cumulant functions K, are independent of ¢, and ¢
fort — 1, > 1., e.g.

2= Y (ADAW)Y- Y Ck), (2.31)
=1

H=tg+1

where C(1) = { A(t)A(t —©))) is the autocorrelation matrix (also called covar-
iance matrix) of A(¢).

*[- -] denotes a matrix norm.
+The dependence of the constants C,, on m determines whether the expansion (2.12) is convergent

or asymptotic.



LINEAR STOCHASTIC DIFFERENCE EQUATIONS 467

Comment

The above considerations apply to the eq. (2.5) in the interaction representation.
In particular, the autocorrelation time t_ is that of 4{’(¢) and is not the same as
that of A4,(¢), but is modified by the deterministic matrix A,. (See also ref. 15,
appendix B.) An example will be given in part II, see also Tuljapurkar®).

2.5. Result to second order in o

We have found that if both « < 1 and at, < 1, the average of the solution u(z)
of (2.5) obeys the first order difference equation

t—1

u()) = [1 +a{AP@))+a* Y, (AP()A (1”(t1)>>:|<u(1)(t -1)), (2.32)
t=ty+1

where {---) denotes an ordinary second order cumulant. In the original

representation (2.1) we have in the case of a time independent deterministic matrix

A, and after a transient period of order 1,

(u(t)y = [AO +al4,)) + o i

X (AOAT At — r)]>>A0—f]<u(z N 2.33)

For many practical applications this approximation will suffice. Note however,
that even if A4,(¢) is a scalar Gaussian process, the approximation (2.33) is not
exact (in contrast with the case of a s.d.e.). The reason is that although in this
case K" ~Y =0 for m > 2, the second order cumulant of A4, also occurs in the
cumulant functions K@, i <m — 1 for m > 2.

3. Limiting cases

3.1. Comparison of time scales

In the case of a s.d.e. we had only one dimensionless expansion parameter, viz.
oz, 1%). To obtain a valid expansion we had to assume that az, < 1. In the present
situation the ‘““‘time” variables are in fact just integers, so we have two dimen-
sionless expansion parameters: « and 7, (or alternatively « and at,). Accordingly
we may distinguish between different limiting cases. From (2.27) we deduce that
at any rate both « and az, have to be small.

a) 1. =0 (no correlations)
Only K, contributes. {4(¢)} is a sequence of independently distributed random
matrices, i.¢. there are no correlations at all. In this case the solution of (2.6)
constitutes a Markov chain.
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b) 1.~ 1 (correlations last only a few time steps)
AL K9, i=1,2,...,m —1 are of order ™, so in this case one can just expand
in « itself. '

¢) 1.> 1 (correlations over many time steps)
Since «t, must be smaller than one, we also require that « < 1. This implies that
the evolution of u(¢) is very slow on the original time scale (see (2.6)), but the
correlations are relatively long-lived. Now the most important contribution to X,
is K—D, But the terms K~ are precisely those which are present in the case
of a s.d.e. (with summations replaced by integrations). And indeed we show below
for a one dimensional example that in a suitable limit we can replace (2.6) by a
s.d.e., in the sense that the results of the cumulant expansions for both cases
become identical in the limit. The effects of the autocorrelation are retained in the
limiting procedure, so the resulting s.d.e. is in general not a diffusion equation**®).

In section 3.3 we then calculate the first correction to this limit, which describes
in lowest order the effect of the discreteness of time steps.

3.2. The limit 0. —0, t,— 0

In this subsection we investigate whether we can replace the r.d.e. (2.6) by a
s.d.e. in the limit in which the change of u(z) per time step becomes smaller and
smaller, i.e. when & —0. To have still a nonvanishing effect in this limit, we also
have to rescale the independent variable ¢ in such a way that one step on the new
time scale corresponds to many steps on the old one. Moreover we also want to
retain the effect of the finite autocorrelation time 1. of the noise 4(¢) in (2.6).
Accordingly we let 7, grow indefinitely at the same rate with which the time ¢ is
rescaled as a —0.

To see what is involved let us consider the following one dimensional case

Au(t) = a&(t + Du(t),
u(le) = uy, G-

where {£(1)}{2 _, is a stationary random sequence with auto-correlation time 7.
Then we know from the results of section 2 that, if at, < 1, the average of u obeys

Au(t)y = [0k + 1/1)) + a2KP(t + 1/t5) + - - Ku(?)) , (3.2)
where
aK® = i Km=b (3.33)

and in general

aKO= Y K@ i=23,.... (3.3b)

m=i+1

*For a direct diffusion approximation to stochastic difference equations, see refs. 21 and 22.



LINEAR STOCHASTIC DIFFERENCE EQUATIONS 469

The order of magnitude of K¢ is given by (r — 1, > 1)
KD~ a" Haro)’ (3.4)

so after a transient period all functions KV, K@ ... are expansions in powers of
at, (i.e. the parameter o does not appear separately). From this one sees that as
o becomes small, while az_stays constant (so 7, becomes large), the most important
contribution in (3.2) comes from «K". Its terms of order a and «? are

KOt + 1/t) = a(& ), (3.52)
K+ 1) = 3 Cls51). (3.5b)

where (&) is the constant average of £(¢) and C(s;z.) is the autocorrelation
function

Cs;t) = LW —5)) - (3.6)

We explicitly indicate the dependence of C on the autocorrélation time 7. In (3.5b)
only the values of C at discrete time points occur, but we assume that C is given
by an expression which is defined for all real s, that C is Riemann-integrable and
f¢" ds|C(s)] < 0. To be more specific we assume that C depends only on the
quotient s/t., so that

Clesier)=C(s;t), Ve>0. 3.7

In particular this implies that

K

Uds C(s;t.)

—00, as T, w® 3.8)

at least if the integral in (3.8) is nonzero for some finite value of 7,. And the
condition (3.8) is needed if we want to obtain a nonzero value for K{/x in (3.5b)
as a—0.

Now consider the limit

a—0, ot,=constant=1y, 3.9)

where y denotes the value of the constant. Also define a new time scale r and a
new function v(t) by

t=[t/a]; o@@)=u(x/a]), (3.10)

where 7 can now be any real number, and [x] denotes the entier of x. In this limit
a 'K will approach a limiting value of order y, and we expect that also the
higher contributions « 'KV, m =3,4,... to K™ approach a value of order
7~ But K@, K® . . will not occur because they are multiplied by additional
factors a.
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So let us consider (3.2) to ¢(x?) (take ¢, =0 for convenience)
Au(t)) =l:cx<€>+a2 Zt C(s;'cc)](u(t)>. (3.11)

In terms of v(z) this yields by using (3.9)

(o(x + a)z — @) _ [<¢> t If C(s;%)]@(‘c)) . (3.12)

5=

Then take the limit « »0. For the expression involving C we find

T

[z/a} {z/a]
ay C(s;g) =ay C(ocs;y)—»J‘dr' C(t’;y), as a—0, (3.13)
s=1 s=1

0
where we used (3.7) and the integrability of C in order to replace the Riemann
sum by the integral. Thus (3.11) becomes

T

0v(r))y = |:<§> + jdr’ C(‘ﬂ;y)](v(‘c)} ) (3.19)

Now we ask the question whether we can reproduce the result (3.14) by starting
directly from a stochastic differential equation instead of (3.1). This will indeed
be possible if the function C(z’;y) in (3.14) is itself again a correlation function
of some continuous time stationary random process, which is the case if C(t";y)
is a nonnegative-definite function of 7’ on R*). Under this assumption there
exists* a random process &(¢) with

E@y =&y CEMEY =C(t — 1), (3.15)
where 7. is now the correlation time of the process &. So if one starts with the s.d.e.

du(r) =€ (Nu(r),

u(0) = u, (3.16)

and applies the cumulant expansion (A.4)—(A.6) to it, using (3.15), one finds back
the eq. (3.14) by putting ¢ = (t/a), u(?) = v(r) and 7. = (y/a) in the result. So our
conclusion is that in the limit (3.9) combined with an appropriate time-rescaling,
the r.d.e. (3.1) and the s.d.e. (3.16) are equivalent in the sense that their respective
cumulant expansions give the same answer.

*E.g. one could take the Gaussian process & satisfying (3.15).
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Example
Consider (3.1) where £(¢) is a stationary two-state Markov chain (values +1)
with transition matrix

T=<1_v Y ) 0<v<l. (.17)

v 1—v

This implies for every sequence ;> f, > - >,

: 0, m odd,
R £ =y e, 619
where
p=1-2v, —l<p<l. (3.19)

With the help of (3.18) we can calculate all cuamulant functions X, of (2.12), for
example

Ky(t] — ) =«? i p*=ad (3.20)
s=1

with
__ %
=T,
If we define 1, by

(3.21)

lp[ =", (3.22)

we see that the limit 7,—oc0 corresponds to |p|—1. Now as p—1 it is true that
6/a—o00 in accordance with (3.8), but if p—— 1 we find that §/x——31. And
indeed, (3.7) is satisfied if 0 < p < 1, but not if —1 < p < 0. So in the latter case
the general estimate (2.28) gives no indication at all of the real behaviour of the
K-functions as 7,—oo. The underlying reason is of course the increasingly rapid
oscillations of the correlation function of ¢ as p—»—1 (¢ —0):

[t/a] y [x/a]
ay C<s,&>=a Y (—)ye =, (3.23)

s=1 s=1

In other words, if p—1, we approximate the area under the curve e ~* by finer
and finer partitions of the interval [0, 7] (fig. 1), while as p—— 1 the function
C(s, (y/2)) (which is now only defined for integer s) becomes more and more
oscillating as the partitions become finer, due to the factor ( — )* in (3.23) (fig. 2),
and as « —0 the resulting sum in (3.23) (i.e. the shaded area in fig. 2) goes to zero.
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0 T T

Fig. 1. Approximation of the sum (3.13) by an integral.

n=1

/

Fig. 2. Approximation of the sum (3.23) by an integral.

So we consider the limit (3.9) corresponding to p — 1. Then the parameter § in
(3.21) approaches

oe e
5 = m—*dfe =Yy (324)

and f_(t) is now a process with zero mean and covariance
EMEQYY) =e b, (3.25)

It is not difficult to show that in the limit (3.9) also the higher corrections to
(3.14) (i.e. the remaining contributions to K) approach those in the expansion*
for (3.16), if one takes for £(¢) the stationary dichotomic Markov process')
(values + 1) with generator W and transition matrix T, given by

oy ’, 1 1+e—2v’r l_e—Zv’1
W=( v ) Tt=erw=_( ) (3.26)

v —y 2 l_e—Zv‘r l+e—2v’r
where v’ is related to the parameter v in (3.17) by

v=1i1-e"2) (3.27)

* That means use (A.6) or alternatively the terms K~ " of (2.23) with summations replaced by
integrations.
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and 7. in (3.25) is given by
. =Qv) L. (3.28)

This process £(¢) is the continuous time embedding®) of the discrete process £(¢)
generated by (3.17). This embedding is only possible if 0 <v <3, ie. if0<p <1,
which again explains why we had to take p—1 and not p—» — 1.

It seems plausible that these results can be extended to the case of a vector
equation (2.6), as long as only a single autocorrelation time is involved, so that
one can make an assumption like (3.7). But if different correlation times occur,
there may be different ways to obtain limiting equations, depending on which ,
one chooses in (3.9). Therefore we will not discuss this point further here®).

3.3. First correction to eq. (3.14)

Now we want to calculate the first correction to the result (3.14) by taking the
discreteness of time steps into account in lowest order in a. We illustrate the
method again by the example of the previous subsection.

Again we have to specify the way in which t, depends on « as « becomes small.
It turns out to be convenient if instead of (3.9) we take the combination (3.21)
to be constant, i.e.

—ljz

= %:ch =constant =y’ , (3.29)

é
where y” denotes the value of the constant. As & —0, 1, varies with a as (y’/a), so
in zeroth order we will find back the result (3.14) if we choose equal numerical
values for the constants y in (3.9) and y” in (3.29). Now the matrices K@ in (3.3)
are of order

KO ~am= i) (1 —t,>1.). (3.30)

This estimate is valid after a transient time. This implies that the matrices K,
K®, ... in (3.2) depend on & only (for small times they depend on & and «
separately). The same holds on the new time scale 1 (defined in (3.10)): if we take
T — 7o, > ¢ in the final result, the functions K® depend only on & (as we will show
at the end of this subsection). So for the rest of the derivation we assume that the
K@ are equal to their asymptotic values for 7,— — co. Introduce v(t) by (3.10) and
put

e +a)) = (@) + ald(®)) + ¥ b)) + 0« . (3.31)
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Inserting this in (3.2) we get

(o + a)z =) _ (500 + b (5@ + 0@

= [KV + aK® + O(@?)Kv(7)) .

Now also expand {v(t)) itself in powers of «

(1)) = L)) + alvD()) + 0(a?) .
Substitute this in (3.32) and collect terms with the same power of a

0@®: (91)) = KP(%)) .
This is our previous result (subsection 3.2).

0@’y V(1)) + KF0)) = KON ()Y + KW vO(1)}).
Using (3.34) we obtain

BO(0)) = K1) + {K@ — 1K*O W 0O()) .
Combining (3.34) and (3.35) we find for {v(r)) itself

(8(2)) = KOv(r)) + a{K?D — ;K’O}v(1)) + O(a?),

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

where a term of @(«?) was included in the second term on the r.h.s. of (3.36) to
get a closed expression in (v(t)). Of course one can obtain higher corrections by

taking K@, K®, ... into account, but we will not go into this here.

If y” is small, so that we can neglect terms of order (y)* and higher, the result

(3.36) for the example of the previous subsection yields for K and K@

KO =(E(0)) + i CE@EE—9)) =",
KO=—4 §1<<é(t)c(t — )Yt -5))=0.

This we can again reproduce by the introduction of the continuous time Markov

process E(1) as follows

KO =&)Y +a jdr, CEMEE—),

0

o]

KO= —a j de, (EOE — 1) YCEE — ),

0

(3.37)

(3.38)
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provided we make the identification
T.=0'fn), (3.39)

where 7, is the correlation time of £(r). The lowest order result (3.34) coincides
with (3.14) if we choose the same numerical values for y in (3.9) and y” in (3.29).

It remains to be shown that the matrices K® contain no terms of order « if
T —1,>7 . Now (take 7,=10)

i . ot
Kf'=o? ) p=oy’(1—p"™) = ay'[l —e™™ {1 +%W}+ (9(<x2)].
=1

So if 1>y, K =ay’+ 0(x’). Higher orders are checked similarly, so
KM= RNy + O(«?). We don’t have to do it for K@ because (3.32) shows that
only the part of order «° contributes to (3.35).

4. Example

In this section we illustrate the results of section 2 by a simple example which
has an exact solution for comparison.
We start with a definition®):

Definition
An m-dependent stochastic sequence {£,} is a sequence of stochastic variables
which satisfies

oo lilirn-- L) =& &)y &y ifn>m.

The simplest case is a 0-dependent process (no correlations at all) for which the
cumulant functions of section 2 are

Let us now consider the scalar difference equation
du(t — DN =aéu(t — 1) (el), 4.2)
u(()) = uo 3

where £(1) = ap{ (1) + a,{(t — 1), and {{(£)}> _, is a i.i.d. random sequence with
mean zero and variance . Then {{(r)} is a 0-dependent process, and {&(¢)} is
1-dependent. The only non-zero t-cumulant of ¢ is:

(E@Et = D) =aae? (t=23,..). 4.3)
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The K-functions are:
Ky =0 (m=0,1,2,..),
K=o — 1), =B,
Ki= K9 =o*C(EG — DECE — DEC —2),
= —a®E@EE — DHLEE = DEE — D)= — b7,
K=K + K (4.4)
= a8{{EW)ER — DE( — DEE —2)E( — 2)E(1 — 3)),
+ (E@EE — DEE — DER — DEE — 2)E(1 — 2)),}
= a®{(E(NE( — D)EE — DEE =) LE(r —2)E( =3,
+ (ENEE ~ D)LEE — DEE —2)) & — DE( — )} =287,
where
B = a%a,a,0°. ) 4.5)

These results are valid if ¢ > 4. In the same way one finds

—5B% >4,
KB—{__4B4’ t=4, (46)

because the term
(ENE — D)LE — DE = )L = DE( = 3))(Er = 3 — 4),

is absent when ¢ =4 (subsection 2.3).

As a check of these results, we transfer the scalar equation (4.2) with
autocorrelated noise to a vector equation with uncorrelated noise which can be
solved exactly. That is, define the vector

_ u(r) . _ Uy
X(’)‘(c(t)u(t)) (tehi): X"'(:(O)uo)’ @7

which obeys the equation
AX(@t - D)=MEu)Xe -1 (el), 4.8
X(0) =X,

where M () is the matrix

_ aaol xa, . [ 0 aa 49
M(C)‘<(l+aaoo<: aaIC—1>’ <M>”(aaoaz_1>' )
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Since {{(¢)} is a i.d.d. sequence, we have

ACX(E = D) = (MO~ D). (4.10)

Because the initial condition Xj in (4.8) is random (it contains {(0)), there will in
general be inhomogeneous terms in (4.10). In this case they vanish since X is
statistically independent of M({(z)), t =1,2,... (see part II). From (4.9) and
(4.10) we find for {u(r)) the second order difference equation

(u(t +2)) —(u(t + 1)) — flu(t)y =0 (tely, 4.11)

(u(0) =u, (u(1)) =1 (4.12)
with solution

(u(t)) = (1 + 4B) A" — A Dy, (4.13)
where

Ay =14 (1+48)72) . (4.14)
From (4.13) we can derive a difference equation for {(u(z))

Au(t = 1)) = K@) u(t — 1)) (4.15)
with

K() = — A, A_(M, —A0)" YAt — Aoy, (4.16)

Expanding K(¢) in powers of a? (i.e. in powers of B) we find

C(BU—B+2p—5F..), 1>4,
K(t)—{ﬂ(l—ﬂ+232—4ﬂ3...), t=4,

in agreement with the previous results (4.4) and (4.6).

5. The singular case

In this final section we discuss the necessary modifications of the theory in the
preceding sections when the difference equation is of the form

u(t) = {Ay + A,(t, ®)}u(t - 1), tel,,,, CR))
u(ly) = uy,

where the deterministic matrix A, is singular. We restrict ourselves here to a
re-derivation of the result up to O(«?). As a first step we apply a variant of
Terwiel’s method®) to derive an exact difference equation of order ¢ — ¢, for the
average {(u(1)).
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The method runs as follows: apply the averaging operators 2 and 2, as defined
in (2.14), to both sides of (5.1) and express all occurring quantities in 2u and 2u:
Pu(t) = {Ay+ a2 A4,(1)}Pu(t — 1) + aPA(1)2u(t - 1), (5.2a)
Qu(t) = {4, + 0 24,(1)} 2u(t — 1) + 2« 24,(1)Pu(t — 1). (5.2b)

Now (5.2b) is an inhomogeneous difference equation for 2u(¢) with initial
condition 2u(0) = 0. Its formal solution is

Qu(t)=a2A4,()Pu(t — 1)

+ Y [T I {A0+a.@Al(s’)}:la.@Al(s)g’u(s—1). (5.3)

s=1+1 sS=s5+1
Inserting this in (5.2a) and using the definition of 2 we find

(u(t)y = {Ag+ a{A(D) Y} ut — 1)) + a2 A A, — 1) H{u(t —2))
+ o? :iz <A1(t) [T tl:ll {4, + aQAl(s’)}]QAl(s)><u(s -1),

s=tg+1 sS=s5+1
5.4

which is an exact equation for the average of u(z). Neglecting all terms of order
a® and higher, (5.4) reduces to

(1)) = {do + a{ AN u(t — 1))
+a _‘Z 1<<An(t)Aé‘“:Al(s)>><u(s— D). (5.5)

If A, is nonsingular we can put
Qu(s — 1)) = A5 Cu(t — 1)) + O(x) (5.6

in (5.5) because we neglected terms of O(a®) already. This gives back our previous
approximation (2.33).

Now consider the case that A, is singular. Then one or more eigenvalues of A4,
are zero. It turns out to be convenient if we consider the Jordan canonical form')
A} of the matrix A4,

A= S4,8", (5.7a)

where S is a nonsingular matrix. We can choose S in such a way that 4] takes
the form (@ denotes a null-matrix)

Ay= (ﬁ(b%"_) i]%) , (5.7b)
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where A (dimension n, x n,) is nonsingular and 4§ (dimension n, x n,, n, > 1)
contains all blocks with zero eigenvalues on their diagonal and is therefore
singular. Now we distinguish between the following cases:

1) All eigenvalues of A, are zero (n, = n, where n = dim A,)
Then (4})" = 0 and also A} =0. From (5.1) follows

u(t)=[T l'_[ {Ao+aA1(s)}]u(t—n),

s=t—n+1

where the matrix between brackets [...] is of order a and higher, since the term
of order a° is 43 =0. So if we define v(¢) by v(¢) = u(tn), v(t) obeys

v(t)=Ai(tw(t —1),

where the matrix A contains only matrices of order o or higher. Clearly in this
case no perturbation expansion in « is possible.

il) At least one of the eigenvalues of A, is nonzero

In this case there is a block matrix 4% in (5.7b) which is non-singular. Now
it is possible to derive a difference equation of the first order for {(u(r)), which
is valid after a transient time of order 7,. To derive the result, we first put (by using
the matrix S in (5.7a))

Su(t) = (u(")(t)) ,

u®r)

where ©® and »® have dimension n, and n, and correspond to nonsingular and
singular components of A4, respectively. The matrix 4, is transformed by S to a
partioned matrix which we denote by

i (AD1 AP
SA1S l=(71(13—):'2(14—) s

where A, AP, AP and 4{? are matrices of dimension n, x n,, n; x n,, n, x n, and
n, X n,, respectively*. In the same way we put

SA()AL 15 A(s)S ! = (—

BWIB®
)

Then by eq. (5.5) we find for the components u® and u® of u (which are

*If A{¥ happens to be zero, u™(t) obeys a closed equation which can be treated by the method of
section 2.
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themselves again vectors in general)

D) = {AP + (APt = 1) +a{APOY @ — 1)

+a? 3 {{BOPCUNs = 1)) + (BYYus ~ 1))},

s=1f+1

u1)y = {AP + a{ AP u (1t — 1)) + 2 { AP u®(t — 1))

(5.82)

e {CBON s = D)+ (BOYGs — 1)) (58b)

Now A 0
Cu(t = 1)) = A7 Cu(s — 1)) + O(a),
$O
Ut — 1)) = (ALY~ (u(s — 1)),
u(s — 1)) = (AP ~u"(t — 1))

and
9 = 1)) =(A49) ~*(us - 1)) .

From the last equality it follows that in lowest order
U)) = APy~ "u (L),

SO

UNt)y=0 ift—ty=n,.

(5.9

Since A,(¢) has a finite autocorrelation time 7.}, the sums in (5.8) virtually extend
only over those values of s such that |t —1- sl <t..S0ift —t,—12n,+ 1, we
have only a contribution if s — 1 — £, 2 ny: {u(s — 1)) ~ O(«). Therefore after a
transient period the terms (u“(s — 1)) under the sums in (5.8) can be put equal

to zero, since they only contribute to order o.
Summarizing, we can effectively make the replacement

(Ceote~3) = (5515 e~ )

in (5.8).

tSee however the comment at the end of section 2.4.
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Conclusion

If A4, is singular, the result of the cumulant expansion for eq. (5.1) to order a2
for times exceeding the transient time can be written as

x (ut = 1)), (5.10)

where Ay (N for “nonsingular”) is obtained via the following prescription:
transform A, to Jordan canonical form (5.7). Put A§’ = 0, take the inverse of 4%
and transform back to get A4y

L _gf(A 8
s (4218

Remark

If 4§ =0, and [4,, 4,] =0, then (u®(¢)) = O(a’~*) and therefore one can put
{(u®) =0 in (5.8). So in this case only the equation for () remains.

. (5.11)

Example
~[(t! Lo 1) (tel) (5.12)
«=(5 o) +20(y ))|ue=1 cen. .
u(0) =y,
or
u®() =1+ al())u"(t - 1) +u¥@r - 1), (5.13a)
w(t) = a0 (Hu (i —1). (5.13b)

In this case we can first solve (5.13b)
Uty =’ &N —1) ... E(Duf

and substitute it in (5.13a). This gives an inhomogeneous equation for u":
Au(t — 1) = al(Du(t — 1) +a'~1E@E —1). .. E(Duf (5.14)

where the inhomogeneous term is correlated with the multiplicative term a&(2)*.
But since the additive term is of order a’~' we can ignore it after a few time steps.
The remaining equation can be treated with the method of section 2, and the resuit
coincides with that of (5.10).

* In part II we will derive an exact expansion for the case of mutually correlated multiplicative and
additive noise.
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Appendix

In this appendix we summarize the most important facts in relation to the
cumulant expansion for linear stochastic differential equations.
Consider the linear s.d.e. with sure initial condition

u(t) =oaAd(u(), (A.1)
u(ty) = u, . (A.2)

It has the formal solution

t

u(t)= [T exp st oA (s)]uo

fo
with moment expansion
-

{u(t)y = [1 + i a’fdtl jdt2 - f dt(A)AL) . .. A(t,))]uo. (A.3)

fo

The cumulant expansion yields for the average the following result'>'%)

Cu(t)) = K(t/to)u(?)) (A.4)

where the matrix K(¢/t,) is a sure matrix with expansion

K= 3 Kt/t). (A.5)
K. (t/ty)=a™ jdt1 szz f dt,,_ {ADOAW) ... A(t,_))), - (A.6)

By definition K,(/ty) = 2 {A4(¢)). The cumulant functions K,(¢/t,) are independent
of t, if t — 1, > 1., where 1, is the autocorrelation time of A(¢). In general o, < 1
is necessary.
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The integrand of (A.6) is the so called “partially time-ordered cumulant”
(p-cumulant), which is a certain combination of moments of A(-) with a specific
ordering of the time variables (see ref. 15, section 2.1, for the precise definition).
These p-cumulants can be expressed in another type of cumulant, the so called
“totally time-ordered cumulant” (z-cumulant), denoted as {---);. For m non-
commuting quantities Ay(t), 4:(), ..., Ap_1(,_1), where t >1,...>1¢,_;, the
t-cumulant (A(£)A\(,) . . . Ap_1(t,_ 1)), is defined in terms of the moments (4,(#)
abbreviated as k)

(0):=<0),
012...(0m — 1)) = {(0)2(1)2Q) ... 2m — 1)), (A.7)

where 2 is the averaging operator defined in (2.14). The connection between
p- and t-cumulants was given in appendix A of ref. 15.

To take into account the possibility that in the p-cumulant some of the
time variables ¢, may be identical we generalize the rules given in ref. 15 as follows.
To obtain {Ayt)A(t)... A,_1(t)), where the m — 1 numerals {1,2,2,...,
R A | } are chosen from a set S(i, m — 1) as defined in section 2.3, use the
following prescription:

i) Write a sequence of m dots.

i) Write a zero on the first dot, and any distinct permutation of the m — 1
numerals (some of which may be equal) in S(i,m — 1) on the remaining
dots.

ili) Partition each of the distinct permutations of numerals into subsequences
by inserting angular brackets (- - -), (denoting ¢-cumulants) in such a way
that two successive numerals belong to the same subsequence if and only
if the first one is smaller than the second.

iv) For each partition consisting of p subsequences supply a factor (— )y~

v) Replace each numeral # on the kth dot by 4,_,(z,).

As an illustration we give here all the p-cumulants occurring in (2.23) in terms
of the s-cumulants (which can in their turn be expressed in the moments via
(A.7):

(0p = 0D, <013, =<01),,

{012), = {012), — (025 (1) {011), = — {01)(1),,

{0123}, = {0123} — (013)(2), — (02),{13), — (023)(1),
~{03)(12), + (0332,

{0122}, = — (012)(2), — {02){12), + (02D (11D, ,
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0112), = — €012) (1) — (0112}, + {02){ 1)1 ).
<01“>p = <01>!<1>t<1>t .
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