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A NOTE ON THE ASYMPTOTIC PROPERTIES
OF CORRELATED RANDOM WALKS

J. B. T. M. ROERDINK,* University of California, San Diego

Abstract

We describe a simple relation between the asymptotic behavior of the
variance and of the expected number of distinct sites visited during a correlated
random walk. The relation is valid for multistate random walks with finite
variance in dimensions 1 and 2. A similar relation, valid in all dimensions, exists
between the asymptotic behavior of the variance and of the probability of return
to the origin.

MULTISTATE RANDOM WALKS; VARIANCE, RANGE AND RETURN PROBABILITY

1. Introduction

In a recent paper, Henderson et al. [6] discussed a two-dimensional random
walk in which, at each stage, the direction of the next step is correlated to that of
the previous step. They found that in the asymptotic expressions for the variance
and the expected number of distinct sites visited (henceforth denoted as range),
there occurs the same multiplying factor. Accordingly the question was raised
whether this relation applied only to their particular correlated random walk or
whether it is of a more general validity. This question is answered in the
affirmative in Section 2. There we also show that a similar relation exists between
the asymptotic expressions for the variance and the probability of return to the
origin.

As far as we know, a general relation between the variance and the probability
of return to the origin or the range of a random walk was first conjectured by
Shuler [9] in the context of random walks on inhomogeneous periodic lattices,
i.e. lattices which consist of a periodically repeated unit cell, where each unit cell
contains a number of non-equivalent sites. He argued that the range and the
probability of return to the origin should be proportional, or inversely propor-
tional respectively, to (in dimension 2) the ‘area’ [E (x2)E (y%)]'” covered by the
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walker, where x, and y, are the displacements in the horizontal and vertical
directions, respectively, after n steps. These conjectures were subsequently
investigated within the context of multistate random walks, i.e. random walks
where the walker can be in a number of internal states which affect his motion
(Roerdink and Shuler [7], [8]). A similar study was recently reported by Bender
and Richmond [2], but the precise relation between the variance and the
probability of return to the origin or the range was not discussed by them.

In Section 2 we present the general results for the probability of return to the
origin and the range of a correlated random walk. We restrict ourselves here to
correlated random walks on homogeneous periodic lattices, but the extension to
correlated walks on inhomogeneous periodic lattices is straightforward. It is also
assumed that the correlations extend over a finite number of previous steps. In
Section 3 we briefly indicate some applications of these results by means of two
examples, the one of Henderson et al. [6], as well as its d-dimensional analogue,
studied by Gillis [4] (see also Barber and Ninham [1}, p. 52).

2. Theory

Consider a multistate random walk on a d-dimensional uniform lattice [3] (a
uniform lattice is a lattice where all sites are equivalent, i.e. there is the same set
of vector steps at each point). The position of the walker on the lattice is
specified by a vector r, where

2.1) r= i la;.

The {I;} are integers, and {a;} is a set of so-called fundamental translation vectors,
i.e. the lattice is mapped onto itself when translated along any of the vectors {a:}.
A special case is that of hypercubic lattices, for which {a;} are d orthonormal unit
vectors {e;}, which generate the integer lattice Z°. The internal states of the
walker are labeled by Greek indices, running from 1 to m, where m is the total
number of internal states. A ‘state’ of the walker is defined by his position I and
his internal state a.

A basic quantity for these walks is the probability P42(I — I,) that after n steps
the walker is at site I and internal state «, given that he started at site I, in
internal state 8. (The components of I are the integers I in (2.1).) The fact that
only the difference ! — I, appears is due to the translational invariance of the
lattice. The evolution of the probability distribution is described by the
Chapman-Kolmogorov equation

22) PG =)= 3, Ty (F= 1P~ 1)

where T.,(l — 1) is the single-step transition probability from site /' and the
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internal state vy to site I and internal state a. A fundamental role is played by the
m X m matrix T, with matrix elements defined by

(2.3) T., = Z T., ().

By the normalization of transition probabilities, 2. T,, =1, so T is a stochastic
matrix, which we assume to be irreducible. That is, T has a simple maximal
eigenvalue Ao =1 with associated right eigenvector a7, which is normalized,
2.1 m, = 1. The matrix T governs the evolution of an m-state Markov chain,
which describes the transitions between the m internal states. The asymptotic
occupation probability of internal state a is .

In order to state our results, we further define a set of diffusion coefficients D;
(,j=1,2,---,d) as follows:

24) D, =lim 2 2 {E[r(n)r,(n)] - E[r(m)]E[1, ()}

where r(n) is the displacement of the walker after n steps with components
ri(n)=r(n) e (i=1,2,---,d), where the {e;} are defined above. The limit
exists if the single-step distribution T, (! —1I') in (2.2) has finite means and
variances for all @ and v, as will be assumed in the following. An algorithm to
calculate the diffusion coefficients is given by Roerdink and Shuler [7] but will
not be discussed here.

Having defined the matrix T and associated eigenvector a and the diffusion
coefficients D;, we are in a position to state our results on the probability of
return to the origin and the range of correlated random walks. These results
have been derived for multistate random walks on inhomogeneous periodic
lattices (Roerdink and Shuler [7]), and only some minor modifications are
necessary for the present case of correlated random walks, which can be viewed
as multistate random walks where the internal states are determined by the
previous step(s) (see Section 3). Therefore, the details of the derivation are
omitted.

(i) Probability of return to the origin. We assume that the walk is irreducible
(every state can be reached from every other state) and without drift, i.e.
E[r(n)]~0 (n—>x) for all i=1,2,---,d [f(x)~g(x) as x —>c¢ means
lim,—.. (f(x)/g(x)) = 1]. First we consider the case of primitive walks, i.e. there
exists a positive integer N such that a path of N steps exists between any pair of
states of the walk. In this case the probability P{;(e) that the walker returns to
the origin o after n steps, with initial internal state 8 and final internal state «, is
given asymptotically by [7]

(2.5) P%)(0)~ m, det2D) "*(detA)(2mn) *?  (n—>®).
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Here ., is the ath component of the eigenvector & as defined above, D is the
diffusion matrix defined in (2.4), and A is the matrix with elements

A,’,’ =a e

For the case of a hypercubic lattice, @ = e;, ||e:| =1, so A is equal to the unit
matrix, and the geometrical factor det A = 1. For correlated walks we want to
know the total probability of return to the origin, independent of the internal
state of the walker when he starts or returns. Therefore, we sum (2.5) over final
internal states a and average over the initial distribution {p$’} of the internal
states to find

(2.6) pe(0)= 3 PQ(0)p’~ (det2D) “Qam) **  (n—)

where we have used that 2,7, =1 and put detA =1. This formula clearly
displays the connection between the probability of return to the origin and the
diffusion coefficients or the corresponding (co)variances. The same prefactor
(det2D) " of course appears also in p,(r) for r# o.

For periodic (i.e. non-primitive) irreducible walks, the probability p.(e) is 0
for a subset of values of n. For example, for walks in which the walker can only
return to the origin after an even number of steps, the results (2.5) and (2.6) have
to be multiplied by a factor [1+(—1)"].

(i) Range. To calculate the asymptotic behavior of S%, the range (or
expected number of distinct sites visited) after n steps, with initial and final
internal state given by B and a, respectively, the derivation given before in [7]
has to be slightly modified by starting from Equation (2.2.2) of that paper,
instead of Equation (2.2.1). The reason is that for the present case of correlated
walks visits to the same site, but with different internal states of the walker
during such a visit, are counted only once. The result, again for irreducible and
driftless walks, is

" 8_'_1 12 d=1
@.7) S@" 7, A4et2D)_ 4 \7
detA  |omnjlogn  d=2.

In dimension d = 3, S% is proportional to n for large n, where the proportional-
ity constant depends on the value of the generating functions G.g(0,z)=

~_02"PU%(0) at z =1, so the dependence on the variance is not so simple as in
dimension d < 3. Summing again over final internal states and averaging over
initial internal states, we find, for the case detA =1,

n—x (&') v d=1
(2.8) Sn= 2, SGpY "~ (det2D)” A7
* 2wn/logn d =2.
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Again the relation between S, and the variances is clear through the presence of
the diffusion matrix, and in fact the factor (det2D)"*(detA)™ in (2.7) is the
inverse of the multiplying factor in (2.5).

3. Examples

(i) Henderson et al. [6] discuss a random walk on the square lattice, where the
walker has probabilities f, b, r and [ to take a step forward, backward, to the
right and to the left, with respect to his previous step, respectively. They defined
four states, Ey, - - -, E,4, according to whether the previous step was in the positive
x-, negative x-, positive y-, or negative y-direction, respectively. They found
(we take e, and e, to be the unit vectors in the positive x- and y-direction,
respectively),

(3.1) 2D\, =2Dy, = 5[[11_' ((ff ~ If’))]zjr(('r '_'I))} Di,=D, =0.

Although this result was derived for a special initial condition, it remains correct
as long as the matrix T is irreducible.
From (2.6) we find that

(-2 p-(0)~ (2Dwn)"'Qmn) "[1+(-)]

where the extra factor 1+ (—)" accounts for the periodicity of the walk. In the
special case f =b =0, r =3(1+ ), I =3(1 — @), the walker can only return to the
origin after 4,8,12,-- - steps, so

(33) P 0)~ 22 ny i1+ (- + Gy + (- i),

a result already derived by Gillis [5] via a different method.
From (2.8) and (3.1) we conclude that

S,‘ ~ 2D11 . 27Tn/log n

in agreement with the result of Henderson et al. [6]. The advantage of our
method is that the lengthy expansions of the generatmg function are avoided
(the diffusion coefficients (3.1) can be calculated without using generating
functions by the matrix algorithm in [7]).

(ii) A d-dimensional generalization of the previous example was treated by
Gillis [4] and later by Domb and Fisher [3]. See also [1]. They considered a
d-dimensional hypercubic lattice, where the walker steps with probabilities f
and b in the forward and backward direction or takes any of the directions
orthogonal to his previous step with probability r. For this walk the mean is
asymptotically 0 and the (co)variances are (see [1], [3]) with § = f — b,
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nowm + n— .
E[F)] '~ n 21520 B0 %))
whence
_T - ll+_8)"
(3.4) det2D = 1‘[1 2D; = (d 15

Gillis [4] found for the probability R, (8) of returning to the origin after n steps,
as a function of 6,

(3.5) R.(8)~ (ﬁ) "R0) (now)

From (2.6) and the fact that return to the origin is only possible after an even
number of steps, we find alternatively (we use (3.4)),

(3.6) R.(8)~ (% 11%5) Q) (=),

which is in agreement with (3.5).

Acknowledgement

The author acknowledges financial support by the Netherlands Organization
for the Advancement of Pure Research (Z.W.0.).

References

[1] BARBER, M. N. AND NINHAM, B. W. (1970) Random and Restricted Walks. Gordon and
Breach, New York.

[2] BENDER, E. A. AND RICHMOND, L. B. (1984) Correlated random walks. Ann. Prob. 12,
274-278.

[3] Dowms, C. AND FISHER, M. E. (1958) On random walks with restricted reversals. Proc. Camb.
Phil. Soc. 54, 48-59.

[4] Giruis J. (1955) Correlated random walk. Proc. Camb. Phil. Soc. 51, 639-651.

[5] Giruss, J. (1960) A random walk problem. Proc. Camb. Phil. Soc. 56, 390-392.

[6] HENDERSON, R., RENsHAW, E. AND FoRrD, D. (1984) A correlated random walk model for
two-dimensional diffusion. J. Appl. Prob. 21, 233-246.

[7] RoERDINK, J. B. T. M. AND SHULER, K. E. (1985) Asymptotic properties of multistate
random walks. I. Theory. J. Statist. Phys. 40, 205.

[8] ROERDINK, J. B. T. M. AND SHULER, K. E. (1985) Asymptotic properties of multistate
random walks. I1. Applications to inhomogeneous periodic and random lattices. J. Statist. Phys. 41.

[9] SHULER, K. E. (1979) Random walks on sparsely periodic and random lattices. I. Random
walk properties from lattice bond enumeration. Physica 95A, 12-34.



	Article Contents
	p.951
	p.952
	p.953
	p.954
	p.955
	p.956

	Issue Table of Contents
	Journal of Applied Probability, Vol. 22, No. 4 (Dec., 1985), pp. 747-1002
	Volume Information [pp.998-1002]
	Front Matter
	Non-Linear ESS Models and Polymorphism [pp.747-756]
	Bellman-Harris Branching Processes with State-Dependent Immigration [pp.757-765]
	First-Passage Percolation Processes with Finite Height [pp.766-775]
	The Visibility of Stationary and Moving Targets in the Plane Subject to a Poisson Field of Shadowing Elements [pp.776-786]
	An Optimal Betting Strategy for Repeated Games [pp.787-795]
	The Risk-Sensitive Homing Problem [pp.796-803]
	On a Class of Continuous-Time Markov Processes [pp.804-815]
	The Limiting Behaviour of the Maximal Spacing Generated by an I.I.D. Sequence of Gaussian Random Variables [pp.816-827]
	Bernoulli, Multinomial and Markov Chain Thinning of Some Point Processes and Some Results about the Superposition of Dependent Renewal Processes [pp.828-835]
	A Note on the Background of Several Bonferroni-Galambos-Type Inequalities [pp.836-843]
	A Simple Construction of an Upper Bound for the Mean of the Maximum of n Identically Distributed Random Variables [pp.844-851]
	Calculation of the Equilibrium Distribution for a Solar Energy Storage Model [pp.852-864]
	The Shortest Queue Problem [pp.865-878]
	The Slow Server Problem: A Queue with Stalling [pp.879-892]
	On Regenerative and Ergodic Properties of the k-Server Queue with Non-Stationary Poisson Arrivals [pp.893-902]
	A Solvable Model for a Finite-Capacity Queueing System [pp.903-911]
	On the Busy-Period Distributions of M/G/1/K Queues with State-Dependent Arrivals and FCFS/LCFS-P Service Disciplines [pp.912-919]
	Short Communications
	A Note on the Probability of Extinction in a Class of Population-Size-Dependent Galton-Watson Processes [pp.920-925]
	An Approximate Solution of the Integral Equation of Renewal Theory [pp.926-931]
	A Note on a Continuous-Time Markov Manpower Model [pp.932-938]
	First-Passage-Time Moments of Markov Processes [pp.939-945]
	Asymptotic Distribution of the Coefficient of Cross-Association Based on a Simple Markov-Chain Model [pp.946-950]
	A Note on the Asymptotic Properties of Correlated Random Walks [pp.951-956]
	The Residual Process for Non-Linear Regression [pp.957-963]
	Boundaries with Negative Jumps for the Brownian Motion [pp.964-970]
	On Stopping Rules in Proofreading [pp.971-977]
	A Sharp Upper Probability Bound for the Occurrence of at Least m out of n Events [pp.978-981]
	A Note on Survival Models under a Markov Process [pp.982-988]
	Individually Optimal Routing in Parallel Systems [pp.989-995]

	Letter to the Editor [p.996]
	Correction: The Characterization of Distributions by Order Statistics and Record Values: A Unified Approach [p.997]
	Back Matter



